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ABSTRACT

ismoch series expressions for the thermodynomde quextities of an
idesl Beme gas sre found in terms of the thete fumction of Jecchi, The
Binsteln condensetion thus con be trested by rigorcus wmathepatical
argument. The patwre of the "integyel approvimetion” and its modificetion,
gaployed in the usunl treaiment of the provlem, is clearly rovealsd. For
finite volume, the ousg ewpanslions of pressure and density in vovers of ths
getivity converge in en enbtirely different way thon do the lwtaprnl
epproximttion exptnsions. Tis modified integrel epproxdmstion, howerer,
Leoomes exact 1n the limdt V00 , ¥ — o ,TM = const.




Crn The Hinotelds Condavcoiicn

The phenomenon of the Einstein condensation of an idend hos 3
pyaten o well lmovn. In the wswal procedure of evalusting the therwo-
dyoemdc quantitles, one uses the "integml erproximetion”, in which the
summbtions over energy sigenvaluss of en individusl Doson, sywearing io
the ssries exyreseing the thermodynamic gqueatities, cre remlocyd oy
integrale. This approximstion, which gives the correct resulis In the
region of the homogenecus phesa in the case of an inlinlte systan,
requires an artificlal modification to account for the comdencotlicn reagion.
The modification is mnde by treating tho terms corresponding to the
gromnd state of the individusl boson separsbely frem the othars,'t)

In the prassnt »eport we ghow that an cunct mathematical tracieant
of the Einstein condensation o feasible, and therefore the mubure of
tha ususl "intesrol spproximstion” and 1ts modification is reovesnlisd.

The fundemantal axpressiones in ths Bose~-Einstein sbatistice for
B, p and B, denoting respectively the Lotal mmber of bosons, the pras-

sure and the total enerpy of the system, are:
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It = Bolémann constant

]
i

zhgalute temperatura

z = gebivity = e (B:ﬂ}

2 = chamical potential

By = the energy of the i-th indlvidusl boson state, which 1s o

fumction of the volume ¥V

£y = the degeseracy of the 1-th individuml bogon stats,

The suwmstion is taken over all bomon states.

The expressions (1), (2) and (3), as ip well known, cen be derived
elthey from the cancnical or grend canomicsl snsmble méthed, Tn the
grand cenonical ensemble the indepsndent varisbles are V., P ani %, bub
in the canomicel enssible the independent vixrishles ave V, B and H,
therefore = chasgee with V. Thés famdilisr foot 1o fuportast in the labter
discusnion of the limiting process V «pdd ,

Let vs now choose the volume of the system to be a cubic box with
side léncth I = VM3, and fupose periodic boundary corfidtions wpon the
wave functions of the Individual boson., The esergy By bthen takes tha
following form:
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interers, includine: zero., To eseh E,L there 19 pengrally more thon one
set of imtegers, {ny , By , By ), ssbistylng (B), the mmber of which is
evidently r; (Ve assume here that the epin of ench bosan is zevo. I9
esch boson has o spin B, then the depemerecy of each state will be
28 + 1 times move).
Fram (%) apd (5) we get imuediately
~25 .2 By,
2V 3
Hence (2) and (5) bave the fcllowing relation

E=J W, (6}
2

which holds elso for the ideal Boltzusim or Farmi §a8 .
Bince the lowest emergy, By, in (&) is szero, sa inspsction of (1),

(2) and (3) shows that = mist be abmys meller then walty, 1.8, the ranie

of z is 0O 2 1, Hence we can expond esch term of the serdes in (1)

and (2} (consequontly (3) by (6) ) in power serdes 4n 2 and inmberchencs

the order of the summtion in the resulted reposted series, which cun

be shown to be ellovable.(2) Tmug we have
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In the "integral approxismtion” the two 2ervies in the parentheses
of (7) and (8) are spprodmated by the following replacerent:




2 ol ) = S?(E}dﬁ( ),

s(B) = 2:4%( % )5/2 o

This approximabion, in & crule souse, smounts to taling the limlt of
infinite volume in esch temm of the serdes in 2 in (7) and (8), while

the correct limiting procedare should sum the series before lobtting V -poo
This raises a muthermticel question cbout ths interchanpe of the oxdar of
these operations and & physical gquestion sboult the correct volme dapens

dence of thermodypamde properties of the ldsel boson system.
e now chow thet the two series

I= Z"ZE 1#&' : (o)
i R LR .

con be exactly expressed in tems of the theta functien, @ (x), which
is defined by
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end its derivetive, Im fact, by (&) and (5), we have
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The thetn Punction has the Pollowing properties: G(Z) i= o
monotondcally decieccing function in 0L X L 9 ; B(ZT)o> 0 , oo
K- 0; 9(3’) <14 ,08 ¥ -»oo . See Fig. 1. Begsides it outlofles
the Following dmpoitent functionsl relation:( 3)

{ (2k)
669 = 7= 0(%) .

Hence (12) becomes

1=v)~8g-32 53 v# (25)

0% 6% ( 1)

By (15)1 (10) thon becones

T %. v 1% i~5/2 1}’ (‘%{%}, (16)
vhere

Y= 6% +22 6k -




The function l’\{/ {x) bas the folluwring propestics: G & WML |
ror @ KA L] I, os L =dsos W lx) Ay b ﬁ“ﬂﬂﬂrﬁﬂ'ﬂfﬁ
as X =»0. See Fig. 1.

Submtituting (15) and (16) imto (7) amd (8) respectively, we obhain

the exovt exprecoions for W and p for amy finite Vi

Lo N _ 8 s o9 4309 4 .
T= v Y Ef 19(51’ zj {18)

§ o el |
R 'E'g ﬁy{%gjz‘f) {19)
vhere v is the specific voluwe (number of particles per unit volume)rd

The series (18) and (19) are comvergent for z £ 1 for ony findte 7,
and 85 » =2 1, 1/v <desbut p remains finite. The p-v cuwrve hos no sinuior
point as long as V is findte. Bee Mp. 2, curve (aj.

From (18) snd (19) we votice that in the uswel imtegrel approximstion
one replaces the functions 3%&“} anil ’%(ﬁ?) by ity
Por 1l £ = 1, 2, 3 seeess The veplacemsnt of 9{%}1&31 18 & good
sppooxination ouly for those £ K V23 /232 simce B (2) 221 fon
5> 1. Tor 25>V 42 ve vave tran (1) wat H1EH 270y >/
hence it is not justified. In fmct for £ > V8/3 /2 2 tne sexies (18)
bebaves like the ssries

1
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vhich diverpes 68 2 = 1, in cogbrast 4o the Pinltonecs of tho cormese
pording serdes in the "integrel epproximation”. Thus in commiderins the
gystas in 2 findte volums, the integral spproximation le good only for

sufficiently amall velues of z. Lﬂmﬂaammmﬂmntnf“f"fﬁ}

by 1 18 @ood also for £ & V23 2 -2, vut not for 25> V23 42,
since there 4{’[%?}%# » However, in this onse the exact seriss
(19) comverges more ropidly than the corresponding spprodiuwete ocns, end
the mmsricael ervor is always spmll. Ve notice that e V  becoues
larger, the larger is the range of 2 in which the intepral soororizetion is
applicedle.

Te show the condensation phenomencn of the idaal bosom systen, ve
have to consider the propertics of the gystem in the lindt V oo . Ths
expressicns for 1/v andl p to be investigated, frcm (18) and (19), now
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V=00 L=/ s (20}
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A sufficlent condition that the "ldm” 4n (20}end (21} caz be placed
insids the swamtlon sign is thet the series in (20 and (21) be wiforuly
ecavergent with reepect to V meer Vapo. To test this copdition
two cases have to bs considered, according o whothsr (20} srd {21) ave
originally regoricd as derived from the cancnicel oy grand comonicsl
enseible method.  In the latiter case z ie en indspendent varichle,




therefore the only V dspandent factors in each hevm of the series in
{20} and (21) are ﬁ’(ﬁ and ?{%ﬁ-} respeetivelyr. Yo the
formexr cunss 2z 4is a Gependernt varisble, therefore varies with V¥V alsc.
Let us firel consider the cease wvhere = 1nanimiawtﬁmxm,
along with P awd V. Then 4t com be esslly shown by the Welarstrass'
di-tost(4) that botn the series in (20) and (21) are wiformly convergent
with respect to V near V= &0 for all z in 042 {1, Bisce lin
O(x) = 14 Y(x) » 1 as x ~300 , ve thus from (20)end (21) dbtadn the
limiting expressions for 1/v and p:
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Mmemmmmmme“mtm
epproxisation”. This meens that the “imtegral epprocimtica” 4s Juetified
for calculating the thermodynawic guantities of tha idesl hoscn system
in the limiting case of infinits volwme. The p-v cuxve by (22) awi (23)
is shown in Fig. 2, cwrva (b). Notice that the cwrve is vegulor, exteni-
iog frar v = of to the poimt

oo
VeV = 2451'@,’2#’ 2"/‘22-5
PP = 34F4§'1"?ﬁn L3 ﬂ'ﬂ’/‘




Thare is no extension of the curve o the confspestion wvegloa v < v,
which can beo sxpressed smalytically in (22) and (23). This is & genswnl
charecteristic of the grand cononical enssuble msthod, which exhibits
only thermodyramic rolations of the homogenaous phases in the 1imit V =2 00
That the misaing paxd’ v { v, 48 the comdepsation region cam be seon
only thyough the graphical chsewvation that as V Dbgeomes larger the curve
(a) 4n Pig. 2 iz nearer to the horizontal dotted lire, d.e. o tenis to 2,
throughout the reglon v ¢ Vee Bub Just as the limlt iz wvscchad, the
horizowtal part of the isctherm dlsaypesrs, for (22) comverzos to o Fluibe
valus for 0 £ & £ 1.

Hoxt we consider 2z 83 depending on V besides v and £, Ye
then vegard (20) ead (21) es being derived from the canonfcnl enasubls
mathod. To smphasize this we vrite = as z(V). Becsuis of ite sbsoluia
convergencs, we can rewrite the series in (20) in the following fora:

A7z ~34 1] V¥ €
\'4 J Z(v} i Z/ ¢{Zf5)‘z ’ | (2i)

Ph)z Px) -y -%

The Pwmetion P(x) has similar properties to Y (x); Le. 0 < fig <
far 04 % < 13 Plx)rl, a0 Z~>o0; Plx)r éx"ff?{g”/ﬁ’.@o

a8 X =% 0.

By these properties of ¢{x) end thoss of ‘f”(x)_, it is eany to show,
again by the Weierstrass M-test, that the serles in (24) and (21} ave




waifornly comvergent with respact to ¥V zear Ve &0 , Thms wve have

dotim L B S Bl A
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mmm'r heve %o ba comsidored esparmtaly:
a) Por v ) vy. In this cass we smet heve
£oo = Mm 2(V) { 2
V =300
For otherwise the series in (25) would becema 1/ve as V =d oo . Cone

sasquantly from (25) wo get 1/v) 1/v,, vhich 48 comtrvedictory %o our
cholce of the regiom of v. Thue from (25) and (25) we cviain

' -G”

= =1 -7 4 (27)

4 gi zu‘

ve 437 5 p-45.4 (28)
fﬁ.zi,f Zn

viich are ddemtical to (22) exd (23). Thus we have reproduced the pev
eurve shown ia Fig. 2, owrve (b).

B) Por v{v . (V) thon mmuet tend to 1 s V ~yoo dn such & vay,
from (23), that

us L. Zv/ :i-.-{-
wWe V. -z ¥ 4 -




which is indspendent of v. Thus the vegion v £ v, h2s a constand
presmura, cheracterising the confensstion phencmencn.

The p-v curve of the casas (&) apd (b) Giscusssd sbove is showm
in Fig. 3. The curve coansiste of two reguler owrves which m=et at the
singuliayr point v e Vo, P = Po. The caronical ensarible method 4s thus
contrastsd with the grand canonical ensexbls cns by being cepeble of
fsacribing the condsnsation analybically.

Ve note that in the usual method in crdsr to account for the condan-
sation repion one modifies the "integral approxivetion” by rewriting the
expression for 3Yy in the fomm of (24) and epgroximting ¢(§§)
by 1. This "mofified intesral approximetion” which givaes the resulte we
cbtained in the canonicel enssuble wethod by scme mthematically less
rigorous srgumants miy, @&ccording to our sbove discussions, bs regmrded
pot as & modification to the "interral approximetion”, but &s en entizaely
different spproach to the problem by using & Alfferent (1.2. cenonical)
ensembles method.
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FIGURE CAPTIONS

Pig. 1 The fumctiomal beheviors of @ (x), Y(x) and é{x}.

Pig. 22 Cwve (a) ie the iszotherm st finmite volms. Cuzve (b)
iz the isotherm st infimite volums cbtained from the gresd
caucuical enseble method. The dotied lims 45 miseing in the
process V = w0 .

Fig. 33 The isothern at Sofinite volums obtalned from the canonical
encerible mathod, mmmmmaummar
condensetion.
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