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Properties of Cross-Entropy Minimization

JOHN E. SHORE, SENIOR MEMBER, IEEE, AND RODNEY W. JOHNSON

Abstract— The principle of minimum cross-entropy (minimum directed
divergence, minimum discrimination information) is a general method of
inference about an unknown probability density when there exists a prior
estimate of the density and new information in the form of constraints on
expected values. Various fundamental properties of cross-entropy minimi-
zation are proven and collected in one place. Cross-entropy’s well-known
properties as an information measure are extended and strengthened when
one of the densities involved is the result of cross-entropy minimization.
The interplay between properties of cross-entropy minimization as an
inference procedure and properties of cross-entropy as an information
measure is pointed out. Examples are included and general analytic and
computational methods of finding minimum cross-entropy probability den-
sities are discussed.

I. INTRODUCTION

HE PRINCIPLE of minimum cross-entropy provides
a general method of inference about an unknown
probability density g" when there exists a prior estimate of

Manuscript received October 18, 1979; revised March 14, 1980.
The authors are with the Naval Research Laboratory, Code 7591,
Washington, DC 20375.

g" and new information about ¢" in the form of constrai
on expected values. The principle states that, of all

densities that satisfy the constraints, one should choose
posterior g with the least cross-entropy H[gq, p]
[dx g(x)log(g(x)/p(x)), where p is a prior estimate of

Cross-entropy minimization was first introduced
Kullback {1], who called it minimum directed diverge
and minimum discrimination information. The principl¢
maximum entropy [2], [3] is equivalent to cross-entr¢
minimization in the special case of discrete spaces ¢
uniform priors. Cross-entropy minimization has a I
history of applications in a variety of fields (for a list
references, see [4]). Recently, the theory has been appl
to problems in spectral analysis [5], speech coding [6], ¢
pattern recognition [7].

It is useful and convenient to view cross-entropy mini
zation as one implementation of an abstract informat
operator o that takes two arguments—a prior and n
information—and yields a posterior. Thus, we write
posterior ¢ as ¢ = po I, where I stands for the kno

0018-9448 /81 /0700-0472800.75 ©1981 IEEE
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constraints on expected values. Recently we have shown
that, if the operator o is required to satisfy certain axioms
of consistent inference, and if o is implemented by means
of functional minimization, then the principle of minimum
cross-entropy follows necessarily [4].

Cross-entropy minimization satisfies a variety of inter-
esting and useful properties beyond those expressed or
implied by the axioms in [4]. It is the purpose of this paper
to state and prove these properties. For completeness, we
also restate the axioms from [4] (Property 1, and (12), (14),
and (16)). Some of the properties of cross-entropy minimi-
zation just reflect well-known properties of cross-entropy
[1], [8], but there are surprising differences as well. For
example, cross-entropy does not generally satisfy a triangle
relation involving three arbitrary probability densities. But
in certain important cases involving densities that result
from cross-entropy minimization, cross-entropy satisfies
reverse triangle inequalities and triangle equalities. (See
Properties 10, 12, and 13.)

The combined properties of cross-entropy and cross-
entropy minimization have recently been shown to be
useful in the field of speech processing. In particular, one
formulation of the standard linear prediction coding (LPC)
equations is based on minimizing a distortion measure
introduced by Itakura and Saito [9]. In [10] it is shown that
the Itakura—Saito distortion measure is a special case of
asymptotic cross-entropy, and in [6] it is shown that the
standard LPC equations can be obtained directly by cross-
entropy minimization. They newly developed technique of
speech coding by vector quantization [11] was also derived
in [6] directly by cross-entropy minimization. Furthermore,
the original derivation of vector quantization in [11] was
carried out by exploiting properties of the Itakura—Saito
distortion measure— for example, a triangle equality— that
turn out to be special cases of some of the properties
presented herein (Properties 12, 14, 15). These properties
have since been used in refining Kullback’s classification
method [1, p. 83], yielding a method that is optimal in a
precise information-theoretic sense [7] and computa-
tionally efficient.

After introducing necessary definitions and notation in
Section II, we first consider properties that are valid for
both equality and inequality constraints on expected values
(Section III), and then consider properties that are valid
only for equality constraints (Section IV). We conclude
with a brief discussion in Section V. We also include an
Appendix in which we discuss general analytic and compu-
tational methods for finding minimum cross-entropy poste-
riors.

II. DEFINITIONS AND NOTATION

In this section, we introduce the same notation as in [4,
sec. II]. The discussion here places somewhat greater em-
phasis on mathematical questions relating to the existence
of minimum cross-entropy solutions. (See also the discus-
sion following Property 1.)

We use lowercase boldface Roman letters for system
states, which may be multidimensional, and uppercase
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boldface Roman letters.for sets of system states. We use
lowercase Roman letters for probability densities, and up-
percase script letters for sets of probability densities. Thus,
let x be a state of some system that has a set D of possible
states. Let S be the set of all probability densities ¢ on D
such that g(x) = 0 for x € D and

]Ddxq(x) =1. (1)

We use a dagger ¥ to distinguish the system’s unknown
“true” state probability density g' € . When S C D is
some set of states, we write g(x € §) for the set of values
g(x) with x € S.

New information takes the form of linear equality con-
straints

[dxa(x)a(x) =a, 2)

and inequality constraints

f s (x)aulx) =5, @)

for known sets of functions a,,c,, and known values
a,, ¢,. The probability densities that satisfy such con-
straints always comprise a convex subset § of . (A set § is
convex if, given 0 <4 <1 and ¢, r € 9, it contains the
weighted average Aqg + (1 — A)r.) We refer to the func-
tions a,, ¢, as constraint functions and $ as a constraint set.
For a given constraint set there may of course be more
than one set of constraint functions in terms of which it
may be defined. We frequently suppress mention of a
particular set of constraint functions, using the notation
I = (4" € 9) to mean that ¢' is a member of the constraint
set $ C ) and referring to I as a constraint. We use
uppercase Roman letters for constraints.

Let p € 9 be some prior density that is an estimate of gt
obtained, by any means, prior to learning I. We require
that priors be strictly positive:

p(xeD)>0.

(4)

(This restriction is discussed below.) Given a prior p and
new information I, the posterior density ¢ € § that results
from taking I into account is chosen by minimizing the
cross-entropy H|[g, p] in the constraint set J:

Hlq, p] =;1,1g;H[q’,p], (5)

where _
Hlq, p] =fbdxq(x)log(q<x)/p<x>>. (6)

We introduce an “information operator” o that expresses
(5) using the notation

qg=peol (7)
The operator o takes two arguments—a prior and new
information—and yields a posterior. v
For some subset § C D of states and x € S, let

g(x|x€S)=q(x)/ /S dx’ g(x") (8)
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be the conditional density, given x € S, corresponding to
any g € . We use

q(x|x €8)=gxS ©)

as a shorthand notation for (8).

In making the restriction (4) we assume that D is the set
of states that are possible according to prior information.
We do not impose a similar restriction on the posterior
q = p o I since I may rule out states currently thought to be
possible, If this happens, then D must be redefined before
g is used as a prior in a further application of o. The
restriction (4) does not significantly restrict our results, but
it does help in avoiding certain technical problems that
would otherwise result from division by p(x). For more
discussion, see [8].

When D is a discrete set of system states, densities are
replaced by discrete distributions and integrals by sums in
the usual way. In a more general setting for the discussion
than we have chosen, D would be a measurable space, and
p and g would be replaced by prior and posterior probabil-
ity measures. By continuing to write in terms of probability
densities, we would then be implicitly assuming some un-
derlying measure with respect to which the rest were abso-
lutely continuous. Indeed such a measure certainly exists if
we demand that no event with zero prior probability can
have positive posterior -probability, which in the present
context we are in effect demanding by assuming (4).

III. PROPERTIES GIVEN GENERAL CONSTRAINTS

This section concerns properties that apply in the case of
both equality and inequality constraints (2), (3). We follow
the formal statement of each property with a brief discus-
sion and then a proof or an appropriate reference.
Throughout we assume a system with possible states D,
probability density gt € D, an arbitrary prior p € %, and
arbitrary new information I = (¢' € ¢), where § C 9 con-
tains at least one density g such that H(g, p) < oo.

Property 1 (Uniqueness): The posterior g =pol 1is
unique.

Discussion: A solution to the cross-entropy minimization
problem, if one exists, is unique provided only that H[ ¢, p]
is not identically infinite as g ranges over the constraint set
4. To guarantee that a solution exists, a little more is
required. One condition that suffices for existence is that,
in addition to containing a density g with finite cross-
entropy, the constraint set § be closed. (We call ¢ closed if
it contains every probability density ¢ that is a limit of
densities ¢; € 9. Limits are taken in the sense that ¢, - ¢
means [|g;(x) — g(x)| dx - 0.) For J to be closed, it
suffices in turn that the constraint functions be bounded.
(And conversely, any closed convex set of probability
densities can be defined by equality and inequality con-
straints (2), (3) with bounded constraint functions, except
that infinitely many may be required.) It is also possible to
assert existence of p o[l under less stringent conditions,
which do not imply that ¢ is closed—see Appendix A in
this paper and [12, Theorem 3.3]. This is fortunate, since a
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number of examples of practical importance involve un-
bounded constraint functions.

Proof of 1: See [12], {4, sec. IV-E].

Property 2: The posterior satisfies ¢ = poI = p if and
only if the prior satisfies p € 9.

Discussion: If one views cross-entropy minimization as
an inference procedure, it makes sense that the posterior
should be unchanged from the prior if the new information
does not contradict the prior in any way. Consider the
example of (A10)-(A12). If ¢, = X, for k = 1,---,n, then
g(x) = p(x).

Proof of 2: Property 2 follows directly from the prop-
erty of cross-entropy that H{g, p] = 0 with H[q, p] =0

only if g = p (1, p. 14]).

Property 3 (Idempotence): (pol)ol =pol.
Discussion: Taking the same information into account
twice has the same effect as taking it into account once.

Proof of 3: Since (pol) € %, idempotence follows
from Property 2.

Property 4: Let constraints I, and I, be given by I, =
(¢f € %) and I, = (¢ € 9,), for constraint sets 9,, 9, C 9.
If (po1I)) € 9, holds, then

peli=(pol))o(LAL)=(pel)o,=po(L[NL)
(10)

also holds.
Discussion: If the result of taking information I, into
account already satisfies constraints imposed by additional

information I,, taking I, into account in various ways has
no effect. For example, let I; and I, be the constraints

[o0]
f dxxq'(x) =a
0
and ‘

(11)

respectively. For an exponential prior p(x) = rexp (—rx),
the posterior given I, is g = po I, = (1 /a)exp (—x/a) (see
(A10)-(A12)). The second moment of g is just 2a2, so that
q satisfies g € 9,, as well as g = go(I;\ L), g=gqo1,,
and ¢ = po (I, N\ I;). If the right side of (11) were any-
thing but 2a?, the result of po (I, A I,) would be a trun-
cated Gaussian or undefined and not an exponential [13, p.
133-140].

Proof of 4: Since (poI,) € 9, holds and, by assump-
tion, (p o 1)) € %, also holds, it follows that (p o I)) € (9,
N 4,) holds. The first two equalities of (10) then follow
directly from Properties 2 and 3. The last equality of (10)
follows from g = p o I, having the smallest cross-entropy
Hlg, p] of all densities in ¥, and therefore in §, N 4,.

fwdx x%q¥(x) = 2a?,
0

Property 5 (Invariance): Let T' be a coordinate trans-
formation from x € D to y € D’ with (Tg)(y) =J ~g(x),
where J is the Jacobian J = 9( y) /3(x). Let I'%D be the set
of densities Tq corresponding to densities g € ). Let (I'Y)
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C (I'D) correspond to § C ). Then

(Tp)o(TI)=T(pol) (12)

and

H[T(peoI),Tp|=H[pel, p] (13)
hold, where I'T = ((Tq") € (T'9)).

Discussion: Equation (12) states that the same answer is
obtained when one solves the inference problem in two
different coordinate systems, in that the posteriors in the
two systems are related by the coordinate transformation.
Moreover, the cross-entropy between the posteriors and the
priors has the same value in both coordinate systems.

As an example, let y, and y, be the real and imaginary
parts of a complex sinusoidal signal; let x; be the total
power x, = y? + y#, and let x, be the phase, so that

(Yo ») = T(x), x,) = (x}/zcos(xz), x}/zsin(xz)).
Then the Jacobian is constant:

1,1

$x7V%cos(x,) —x}/*sin(x,)

J=det[ =1/2.

1x;7Y%sin(x,) x1/2cos (x,)

Therefore, if the prior density p(x) is uniform in some
region in the x coordinate space, the transformed prior
(T'p)( y) will be uniform on a corresponding region in the y
coordinate space. In particular, suppose

1/27R?, 0<x,=<R?
p(x) = { / 0=x,
0, otherwise,

—77<x257r)

which makes p uniform in a certain rectangle. Then we find

that
1/7R?, (y2+y2<R?)
0, otherwise,

(rp)(y)z{

which makes I'p uniform on a certain disk. (Notice 1 /7R?
=J '(1/27R?).) Let new information I specify the ex-
pected power

Lwdxlfjwdxz xq'(x)=P.

The resulting posterior ¢ = p o I is exponential with respect
to x,:

Aexpl—Ax,],
g(x) = { pl (] !
10, otherwise,

(OSXISRZ, —77<x2<7r)

for certain constants 4 and A. The new information in the
transformed coordinates, I'l, is

[av, [, (v3+23)a" () = P,

and the resulting posterior ¢’ = (I'p) o (I'l) has the form
of a bivariate Gaussian inside the disk:

qg'(y)= {“exp[—x(yfﬂ%)], (yi+s=r)
’ otherwise

The two posteriors g and g’ are related by ¢’( y) = (Tg)}( y),
as stated in (12).
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Proof of 5: See [4, sec. IV-E]. The proof of (12)
follows directly from the fact that cross-entropy is trans-
formation invariant. Equation (13) is just a special case of
this invariance.

Property 6 (System Independence): Let there be two sys-
tems, with sets D, and D, of states and probability densi-
ties of states ¢} € D, and ¢} € D,. Letp, € 9D, and p, € D,
be prior densities. Let I, = (gf € 9)) and I, = (¢} € %,) be
new information about the two systems, where §, C 9, and
9, C 9D,. Then

(pipy)e (LAL) = (pre)(pyoly) (14)

and

(15)

H[q,q,, P1P2] = H[‘]]P1] + Hlq,, p, 1,

hold, where g, = pol, and g, = pol,.

Discussion: Property 6 states that it does not matter
whether one accounts for independent information about
two systems separately or together in terms of a joint
density. Whether the two systems are in fact independent is
irrelevant; the property applies as long as there are inde-
pendent priors and independent new information. Exam-
ples can be easily generated from the multivariate exponen-
tial and multivariate Gaussian examples in the Appendix.

Proof of 6: See [4, sec. IV-E].

Property 7 (Subset Independence): Let S,,---,S, be dis-
joint sets whose union is D. Let the new information /
comprise information about the conditional densities g * ;.
Thus, I=I,ANI,A ---AI, and I, = (¢ xS, € §,), where
§,C &, and §, is the set of densities on S;. Let M = (¢ €
9) be new information giving the probability of being in
each of the n subsets, where 9 is the set of densities g that
satisfy

/L;‘dxq(x) =m;

for each subset §,, where the m; are known values. Then
(po(INM))x8,= (p*S;)el, (16)
and

H[po(l/\M),p] = ZmiH[qi’ ;] +2mi10g(%)

1
(17)
hold, where p, = p *S,, q;= p;° I;, and the s, are the prior
probabilities of being in each subset,
s,-Zfdxp(x). (18)

Si

Discussion: This property concerns situations in which
the set of states D decomposes naturally into disjoint
subsets §;, in which the new information I =1 A1I,
A -+ NI, comprises disjoint information about the condi-
tional probability densities ¢ * S, in each subset, and in
which there is also new information M giving the total
probability m; of being in each subset S;. Given this
information, there are two ways to obtain posterior condi-
tional densities for each subset. One way is to obtain a
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conditional posterior (p*8;)c I, from each conditional
prior p *.5,. Another way is to obtain a posterior ¢ = p o (
N\ M) for the whole system and then to compute a condi-
tional posterior g *S;. Property 7 states that the results are
the same in both cases; it does not matter whether one
treats an independent subset of system states in terms of a
separate conditional density or in terms of the full system
density.

To illustrate Property 7, suppose that a six-sided die was
rolled a large number of times. The frequencies with which
the different die faces turned up were not recorded individ-
uvally, but the mean number of spots showing was de-
termined separately for the odd results and for the even
results. There is no prior reason to expect any face of the
die to turn up more often than any other. Indeed, the
probability for an odd number of spots showing was found
to be 0.5. However, the mean number of spots showing,
given that the number is odd, was found to be four; the
mean number of spots showing, given that the number is
even, also was found to be four. Given this information, we
are asked to estimate the probability for each face of the
die to turn up, as well as the conditional probability given
whether the face is odd or even. Let §,= {1,3,5} and

= {2,4,6}. We will first solve the problem on S1 and S,
separately and then solve it on S, U .

In all cases, the prior is uniform. The prior p; on S, is
2:1(1) =p,(3) = p«(5) = 1/3. The information I, giving the
expected value for an odd number of spots is

2 nqi(n) =4;
nes,;
therefore, we compute a posterior ¢, = p, oI, on S, by
minimizing H[q,, p,] subject to ¢,(1) + 3¢,(3) + 5¢,5) =
4. The result is
q,(1) = 0.1162, ¢,(3) =0.2676, q,(5) =0.6162. (19)

Similarly, the prior p, on S, is py(2) = p,(4) = p,(6) = 1/3,
the posterior ¢, is subject to the constraint I,, 2¢,(2) +
49,(4) + 64g,(6) = 4, and the result of minimizing
Hlg,, p,]is

@ =1/3 @) =1/3 ¢6)=1/3 (20)

On S, U S,, the prior p is p(1) =p(2) = -+-= p(6) =
1/6. The information I;, which concerns g' *S,, may be
expressed as ¢'(1) + 3¢'(3) + 54%(5) = 4(¢7(1) + ¢'(3) +
q'(5)). We therefore subject the posterior ¢ to the con-
straint

—3¢(1) — q(3) + 4(5) = 0. (21)
Similarly, because of I,, we have the constraint
—2q(2) +2q(6) = 0. (22)

Finally, because of the information M, we subject g to the
constraint

(1) = q(2) +q(3) — q(4) + q(5) — q(6) = 0, (23)
since this is equivalent to g(1) + ¢(3) + ¢(5) = 0.5 = ¢g(2)

+ g(4) + ¢q(6). Upon minimizing H[q, p] subject to the
constraints (21-(23), we find that g = po ([, NI, A M) is
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given by
g(1) = 0.0581, q(2) =1/6,
q(3) = 0.1338, q(4) =1/6,
q(5) = 0.3081, q(6) =1/6. (24)

To find the conditional probabilities ¢ xS, and g *.S,, we
divide both columns in this result by 0.5; the results agree
with ¢, and ¢, as computed above ((19), (20)), and as
stated in (16).

Proof of 7: See [4, sec. IV-E].

Property 8 (Weak Subset Independence): For the same
definitions and notation as Property 7,

(pol)+S,=(p=S,)eo], (25)

and
A
Hpo1.p]=SrHla, p]+ Sriog (L] (26)
i i !

hold, where p,=p=+S,, q,=p,o1, the s; are the prior
probabilities of being in each subset (18), and the r, are the
posterior probabilities of being in each subset,
r=[drq(x), (27)
S
forg=pol

Discussion: This property states that the two ways of
obtaining the posterior conditional densities also lead to
the same result in the case when one does not have
information giving the total probability in each subset.
Results for the full system posterior, however, will not in
general be the same for the cases covered by Properties 7
and 8. That is, go I and go (I A M) will not generally be
equal.

To illustrate Property 8, we solve the example problem
from Property 7, omitting the information M that the
probability of an odd (or of an even) number of spots is
0.5. The separate solutions on §; and S, proceed exactly as
before and yield the same posteriors g, and ¢,. The solu-
tion on §, U S, differs from the previous one only in that
we minimize H|[q, p] subject to the constraints (21) and
(22), but not subject to (23). The result, g’ = po (I, A L),
is given by

g'(1) = 0.0524,
q’(3) = 0.1206,
q'(5) = 0.2778,

q'(2) = 0.1831,
q'(4) = 0.1831,
q’(6) = 0.1831,

and differs from the previous result (24). Moreover, the
subset probabilities r; and r, do not satisfy M: summing
the two columns gives r, = 0.4508 and r, = 0.5492. Divid-
ing the two columns respectively by r, and r,, however,
gives the same conditional probabilities as before: g’ * §; =
g, and g’ + 8, = g, (see (19), (20)).

Proof of 8: For q = po 1, let r, be given by (27). Then
let R be information R = q" € R, where & is the set of
densities satisfying (27). It follows from Property 4 that
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pol=po(IAN R) holds; (25) and (26) then follow from
Property 7.

Property 9 (Subset Aggregation): Let S|, 8,,---,S, be
disjoint sets whose union is D. Let ¢ be a transformation
such that, for any g € D, ¢’ = ¥q is a discrete distribution
with

¢'(x) = [ dxq(),

where x; is a discrete state corresponding to x € §;. Thus
the transformation ¢ aggregates the states in each subset
S.. Suppose new information I’ = ((¥q") € ¢’) is obtained
about the aggregate distribution y¥q', where 9’ is a convex
set of discrete distributions. Then for any prior p € 9,

pxS,=(pol)=*sS, (28)
(Yp)el'=y(peol), (29)

and
H[y(pel),yp] =H[pol, p] (30)

all hold, where I = ¢ I’ is the information I’ expressed in
terms of ¢' instead of in terms of yq. (That is, I = (¢7 €
(¢ '9")), where (¢ ~19") C D are the densities ¢ such that
(¥g9) €9")

Discussion: Note that (29) and (30), in which ¢ is a
many-to-one mapping, have the same form as the invari-
ance property, which holds for one-to-one coordinate
transformations I (see (12), (13)). Indeed, both invariance
and subset aggregation can be viewed as special cases of a
more general, measure-theoretic invariance. In mathemati-
cal terms, the operator o is functorial.

Proof of 9: Let the information I’ be a set of known
expectations 3;g8,,9"(x,), for k = 1,---,m, or bounds on
these expectations, where ¢ = Yg'. In terms of gf, this
becomes a set of known or bounded expectations

fD dx g'(x) f( %),

where f,(x € §;) = g,; is constant in each subset S,. The
posterior ¢ = p o I has the form

SRR EE R WIE) NEl

where some of the terms in the summation over £ may be
omitted in the case of inequality constraints (see (Ad)).
Since f, is constant on each subset, (31) has the form
g(x € 8,) = A;p(x € S;), where 4, is a subset dependent
constant. This proves (28). In general, for any ¢, p & 9,
the cross-entropy H[g, p] can be expressed [4] as

i
H[q,p]=2r,~H[q,-,p,-]+2r,-log(;), (32)
i i i
where p, = p S, ¢, = q+85,,
s5;= | dxp(x), and r,= | dxq(x).
i fs p(x) fs,. g(x)

In the present case we have g,= p, from (28). Since
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H{g,, q;] = 0, (32) reduces to
7
Hlq, p] = Zrlog (S—)
i i

= H[yq, ¥p].

Minimizing the left side subject to I, yielding ¢ = po I, is
equivalent to minimizing the right side subject to I’. This
proves (29) and (30).

Property 10 (Triangle Relations): For any r € 9,
Hlr,pl=H[r,q] + H]q, p], (33)

where ¢ = po I. When I is determined by a finite set of
equality constraints only, equality holds in (33).

Proof of 10: We have
H[q, p] =minH[q’, p].
g€y

The densities ¢’ = (1 — ¢)q + tr belong to § for all 7 € [0, 1]
since g€ 9, r €9, and ¢ is convex. For all such ¢ we
therefore have

H{(1 —1t)g+ 1, p]| =H[q,p],

or F(t) = F(0), where we have written F(¢) for the left side
of (34). It follows that F'(0) = 0 (provided F is differentia-
ble at zero). We therefore set

(34)

2 faxl0 = () + o]

(1—1)q(x) + tr(x) )

‘log (%)

=0
t=0

and differentiate under the integral sign. (For justification
of this step and the existence of F'(0), see Csiszar [12], who
gives the proof in a more general measure-theoretic setting.)
The result is

f_dx [7(x)— q(x)][l + log
which implies

fdx r(x)log

g(x)
p(x)

=0

a(x) _ q(x)
p(x) 2/ dx =) oe

and therefore H[r, pl = H[r,q] + Hlq, p].
Assume [ is determined by finitely many equality con-
straints. Since ¢ = p o I, log(g(x)/p(x)) assumes the form

IOgZ(Tz)j = —Ay— kgl)\kfk(x)

(cf. (A4)). But then

q(x) _

fdxr(x)logm ==Xy~ kglkkf-k

PO R
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Since r and g both satisfy the equality constraints. The
equality
)

/dxr(x)log% Z/dxr(x)log%

g(x)
p(x)

+/dxr(x)log

then implies H[r, p] = H[r, q] + H[q, p].
Property 11:

H[g', po1] < H[q", p] (35)

holds with equality if and only if po I = p.

Discussion: This property states that the posterior g =
p oI is always closer to ¢, in the cross-entropy sense, than
is the prior p.

Proof of 11: Since ¢' € § holds, (35) follows directly
from (33) with r = g'.

1V. PROPERTIES GIVEN EQUALITY CONSTRAINTS

This section concerns properties that apply when some
of the new information is in the form of equality con-
straints (2) only. Throughout we assume a system with
possible states D and an arbitrary prior p € 9.

Property 12: Let the system have a probability density
gt € 6, and let there be information I = (g* € ¢) that is
determined by a finite set of equality constraints only.
Then

H[q', p] = H[q", q] + H|q, p] (36)

holds, where g = po I.

Discussion: This triangle equality is important for appli-
cations in which cross-entropy minimization is used for
purposes of pattern classification and cluster analysis [7].
Since the difference H[q', p] — H[q', q] is just H[q, p],
and since H[g, p] is a measure [1] of the information
divergence between ¢ and p, Property 12 shows that
H[pol, p] can be interpreted as the amount of informa-
tion provided by I that is not inherent in p. Stated differ-
ently, H[po I, p] is the amount of information-theoretic
distortion introduced if p is used instead of p o I. Since for
any prior p and any density r € &) with H(r, p) < oo,
there exists a finite set of equality constraints , such that
r = po I (see Appendix B), H[r, p]is generally the amount
of information needed to determine r when given p, or the
amount of information-theoretic distortion introduced if p
is used instead of r.

Proof of 12: Equation (36) follows directly from (33),
since ¢' € § holds.

Property 13: Let the system have a probability density
g" € 9, and let there be information I, = (¢' € ,) and
information I, = (¢' € 9,), where §,, 9, €  are constraint
sets with a nonempty intersection. Suppose that 9, is
determined by a set of equality constraints (2) only. Then

(P°11)°(11/\12):P°(11/\12) (37)
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and

Hlq, pl=Hlq,q,] + H[q,, p] (38)

hold, where g = po(I[;ANI,)and g, = poI,.

Discussion: When I, is determined by equality con-
straints, (37) holds whether (po1,) € §, (compare with
Property 4). Property 13 is important for applications in
which constraint information arrives piecemeal, and states
that intermediate posteriors can be used as priors in com-
puting final posteriors without affecting the results. Think-
ing in terms of inference procedures, one might think of
(37) as obvious and wonder why it does not hold for
general constraints. But po I, # p unless p € §,, so that
some information about p can generally be lost on the left
side of (37). From this point of view, it is somewhat
surprising that (37) holds at all.

As an example of Property 13, we consider minimum
cross-entropy spectral analysis [5]. If one describes a sto-
chastic band-limited discrete-spectrum signal in terms of a
probability density ¢'(x) = ¢'(x,,- - -,x,), where x, is the
energy at frequency f, , known values of the autocorrelation
function can be expressed as expectations of g7, namely,

R, = fdx (§2xkcos (277t,fk))q"(x),

where R, is the autocorrelation value at lag ¢,. Let I, be a
limited set of autocorrelations R,,---,R,,. Then, for a
prior p, with a flat (white) power spectrum P, =
fdx x, py(x)= P, the power spectrum of the posterior
qrpc = Pwe I, is just the mth order maximum-entropy or
linear predictive coding (LPC) spectrum [5]. Let I, be the
set of autocorrelation samples R,,,,, R,,.,, -+~ that to-
gether with 7, fully determine the power spectrum of ¢'.
Then (37) yields gz = pyo (I} N 13) = qrpco (LA ).

Proof of 13: The density g, has the form (A4),
: m
gi(x) = p(x)exp (_}\0_ 2 }‘kak(x))‘
k=1

For an arbitrary density ¢ € 9, the cross-entropy with
respect to g, satisfies

g(x)exp [A0+ EAkak(x):|
H[q,ql]Zfdxq(x)log p(x)k

= H[q, p]+ Ao+ [dxq(x) Zh,a,(x).

If g satisfies g € §,, this becomes

H[g,q]=Hlq, pl1+ A+ 2Na,,  (39)
k

where Ay, A,, and @, are constants. Since H[gq, ¢,] and

H]|gq, p] differ by a constant on ,, it follows that they have

the same minima on any subset of 9,. Since ($,N 9,) C 9,

holds, this proves (37). Moreover, (39) and (A5) yield (38),

which is also a special case of (33).

Property 14: Suppose there are two underlying proba-
bility densities g and ¢}. Let I, and I,, respectively, stand
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for the sets of equality constraints

Jaxf(x)ai(x) = EO,  i=1,m,  (40)
and
Jaxf(x)ah(e) = E®,i=1es o (41)
where s = m. Then
(pol))o(L)=pol, (42)

holds. Moreover, if AP, A¢?, and AP are the Lagrangian
multipliers associated with ¢, =pol;, ¢, = q,°1,, and
g, = p o I, respectively, then

NP=ND+AD,  k=0,1,-m,  (43)
AD = A2, k=m+1, s, (44)
and
m
Hlg,, p) = Hlg, 0] + Hlg,, p] + S NP(E - @)
r=1
(45)
also hold.

Discussion: Property 10 can apply to situations in which
g} and g} are system probability densities at different times
and in which g{ or estimates of ¢] are considered to be
good estimates of gj. If 7, is determined in part by expecta-
tions of the same functions as I;, but with different ex-
pected values, then the results of taking I, into account are
completely wiped out by subsequently taking [, into
account. As an example, consider frame-by-frame mini-
mum cross-entropy spectral analysis in which [, is
determined by autocorrelation samples in frame i at a fixed
set of lags (s = m). Equation (42) shows that the results for
frame i are the same whether the assumed prior is an
original prior p, the posterior from frame ; — 1, or some
intermediate estimate. (However, there may be computa-
tional or bandwidth-reduction advantages to using po I,
as a prior in frame i) Note that if s = m and F"= F®
for r = 1,---,m, Property 14 reduces to Property 13.

Proof of 14: From (A4) we have

3 M)

ai(%) = p(x)oxp ( -
k=1

where the X are chosen to satisfy the constraints (40).
Similarly,
5

du(x) = ai(x)exp (—w— S

waio)
k=1

holds, This is of the form p(x)exp[—AQ — =, APa,(x)],
with A2 = AP+ AP (k=0,--+,m) and AP = N}? (k=
m -+ 1,---,5), and it is a probability density satisfying the
constraints (41); it is therefore equal to p o I, = g,, which
proves (43), (44). Equation (45) follows from straightfor-
ward applications of (AS5).
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Property 15 (Expected Value Matching): Let I be the
constraints
fDdqu(x)fk(x) =feo  k=1-m  (46)
for a fixed set of functions f,, and let ¢ = p o I be the result
of taking this information into account. Then, for an
arbitrary fixed density g+ € ), the cross entropy H[g*, ¢]
= H|[q*, poI] has a minimum value, as the f, vary, when
the constraints (46) satisfy

fo= it = [ ds g ()hlx).

Discussion: This property states that for a density ¢ of
the general form (A4), H[ g+, ¢] is smallest when the expec-
tations of g match those of g=. In particular, note that
g = pol is not only the density that minimizes H[q, p],
but also is the density of the form (A4) that minimizes
H{q', q]! Property 15 is a generalization of a property of
orthogonal polynomials [14, p. 12] that in the case of
speech analysis [15, ch. 2] is called the “correlation match-
ing property” [10].

Proof of 15: The cross-entropy H{[q*, q] is given by

Hlgx q] = [dx q=(x)log (q+(x)/p(x))
+ fara(o)(do+ ENA))

= [dx g+(x)10g (¢+(x)/p(x)) + Ao+ 2N

(47)

where we have used (A4). Since the multipliers A, are
functions of the expected values f,, variations in the ex-
pected values are equivalent to variations in the multipliers.
Hence, to find the minimum of H[g*, g], we solve

2 e,
a—MH[Q*,q]—O—g}\—k"'fE,

where we have used (47). It follows from (A9) that the
minimum occurs when f, = f.

V. GENERAL DISCUSSION

Property 1 and (12), (14), and (16) are the inference
axioms on which the derivation in [4] is based. It is
important to recognize that it is these inference properties,
and not the corresponding cross-entropy properties ((13),
(15), and (17)) that characterize cross-entropy minimiza-
tion. For more information on this distinction, see [4, sec.
VI] and [8].

An interesting aspect of the results presented in this
paper is the interplay between properties of cross-entropy
minimization as an inference procedure and properties of
cross-entropy as an information measure. The well-known
[1] and unique [8] properties of cross-entropy as an infor-
mation measure in the case of arbitrary probability densi-
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ties are extended and strengthened when one of the densi-
ties involved is the result of cross-entropy minimization,
showing that cross-entropy minimization is optimal in a
sense that has not been appreciated previously. In particu-
lar, (35) shows that p o I is at least as close to ¢' as is p; in
the case of equality constraints, (36) shows that H[ p o I, p]
is the amount of information provided by I that is not
inherent in p, and Property 15 shows that p o I is not only
closer to ¢' than is p, but it is the closest possible density
of the form (A4). Indeed, the combination of these proper-
ties has led to an information-theoretic method of pattern
analysis and classification [11] that is a refinement of a
method due to Kullback [1, p. 83].
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APPENDIX A
MATHEMATICS OF CROSS-ENTROPY MINIMIZATION

We derive the general solution for cross-entropy minimization
given arbitrary constraints, and we illustrate the result with the
important cases of exponential and Gaussian densities. In gen-
eral, however, it is difficult or impossible to obtain a closed-form
analytic solution expressed directly in terms of the known ex-
pected values rather than in terms of the Lagrangian multipliers.
We therefore discuss a numerical technique for obtaining the
solution, namely the Newton—Raphson method. This method is
the basis for a computer program that solves for the minimum
cross-entropy posterior given an arbitrary prior and arbitrary
expected value constraints.

Given a positive prior density p and a finite set of equality
constraints

‘ fq(x)deI, (A1)

/fk(x)q(x)dx:fk’ k:1,"',m, (A2)

we wish to find a density ¢ that minimizes

HIq,p]==fq(x)bg§%;%dx,

subject to the constraints. For conditions that imply the existence
of a unique minimum, see the discussion of Property 1 (unique-
ness). One standard method for seeking the minimum is to
introduce Lagrangian muitipliers 8 and A, (k = 1,- - -,m) corre-
sponding to the constraints, forming the expression

/q(x)log-g-%dx + ﬁfq(x) dx + kél}\kffk(x)q(x) dx,

and to equate the variation, with respect to ¢, of this quantity to
zZero:

q(x)

+1+ 8+ § Afe(x)=0.
k=1
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Solving for ¢ leads to

m
q(x) =p(x)exp —Ao—kﬁlkkfk(x) > (A4)
where we have introduced Ay = 8 + 1.

In fact, the g, if it exists, that minimizes H|[g, p] has this form
with the possible exception of a set § of points on which the
constraints imply that ¢ vanishes. (Such a situation would arise,
for instance, if we had a constraint [q(x)f(x)dx =0, where
f(x) > 0 when x € § and f(x) = 0 when x & S.) Informally, we
could then imagine some of the Lagrangian multipliers becoming
infinite in such a way that the argument of exp in (A4) becomes
~ oo when x € ) Conversely, if a density ¢ is found that is of
this form and satisfies the constraints, then the minimum cross-
entropy density exists and equals ¢ [12], [1]. For simplicity in the
following, we assume the set § is empty.

The cross-entropy at the minimum can be expressed in terms
of the A, and the f, by multiplying (A3) by ¢(x) and integrating.
The result is

m
Hlg,p]= 2= 2 NS - (A3)
k=1
It is necessary to choose A, and the A so that the constraints
are satisfied. In the presence of the constraint (Al) we may
rewrite the remaining constraints in the form

J(fex) = f)a(x) dx =0 (A6)
If we find values for the A, such that
J(£(x) = 7)p(x)exp (—kz Akfk(x)) dx =0,
=1
i=1,--,m, (A7)

we are assured of satisfying (A6); and we can then satisfy (Al) by
setting
m
No=Tog [p(x)exp ( = 3 Nfilx) ) ax.  (A8)
k=1
If the integral in (A8) can be performed, one can sometimes find
values for the A, from the relations

~a o= (49)
The situation for inequality constraints is only slightly more
complicated. Suppose we replace all the equal signs in (A2) by
= . (We lose no generality thereby; we can change inequalities
with = into inequalities with < by changing the signs of the
corresponding f, and f,, and any equality constraint is equivalent
to a pair of inequality constraints.) The ¢ that minimizes H(q, p)
subject to the resulting constraints will in general satisfy equality
for certain values of k in the modified (A2), while strict inequality
will hold for the rest. We can still use the solution (A4), subject-
ing the Lagrange multipliers to the conditions A, < 0 for k such
that equality holds in the constraint, and A, = 0 for k such that
strict inequality holds in the constraint.

It unfortunately is usually impossible to solve (A7) or (A9) for
the A, explicitly, in closed form; however, it is possible in certain
important special cases. For example, consider the case in which
the prior p(x) is a multivariate exponential,

p(x)= H](l/ak)exp[_xk/ak]’ (A10)

k=
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where x = (x,,---,x,) and the x, each range over the positive
real line, and in which the constraints are

fdx x.q{x) =%,

k=1,--+-,n. Solving (A9) in order to express the minimum
cross-entropy posterior directly in terms of the known expected
values x, yields

q(x) = I;[(l/fk)eXP [—xe /%)

(A11)

(A12)

Thus, the density remains multivariate exponential, with the prior
mean values a, being replaced by the newly learned values X,.

. Now consider the case in which the x, range over the entire
real line, and in which the prior density is Gaussian,

p(x)= IkI (27’bk)_l/zeXP [_ (i, — ak)2/2bk]'

Suppose that the constraints are (All) and
- \2
[ax (= %) a(x) = v,
In this case the minimum cross-entropy posterior is
-1/2 - \2
q(x) = I;(I(zka) / €Xp [— (= X;) /ka]-

Thus, the density remains multivariate Gaussian, with the prior
means and variances being replaced by the newly learned values.
Here is an example of a simple problem for which the solution
of (A7) cannot be expressed in closed form. Consider a discrete
system with n states x; and prior probabilities p(x,) = p; (J =
1,- - -,n). The discrete form of (Al) is
n
S q=1, (A13)
J=1
where g; = g(x,). Suppose the only other constraint is that the
mean m of the indices j is prescribed: f(x;) = j, and
n
2 Jjg;=m. (A14)
Jj=1
Then (A4) becomes g;= p,exp[—Ao— A j], which we write as
q;= ap;z’/ by introducing the abbreviations a = exp[—A,] and
z = exp[—A]. From (A16) and (A17) we then obtain

n —1
o~ (0]
j=1
and

n
S (j=m)p'=0. (A15)
Jj=1

The problem then reduces to finding a positive root of the
polynomial in (A15). As in the continuous case, there are special
forms for the prior that lead to important particular solutions.
But when »n > 5, the roots of the polynomial (other than zero)
cannot in general be written as explicit closed-form expressions
in the coefficients for arbitrary priors. Numerical methods of
solution therefore become important. Qur obtaining a polynomial
equation in the present example was an accidental consequence
of the fact that the values of the constraint function f formed a
subset of an arithmetic progression (j = 1,2,---). Thus, for
more general types of problems, numerical methods are even
more important.
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One such method is the Newton-Raphson method, which is
for finding solutions for systems of equations that, like (A7), are
of the form

FE(A,oA,)=0, i=1,--,m. (A16)
The method starts with an initial guess at the solution, AV =
(AP,--- X)), and produces further approximate solutions

A A® ... in succession. If the initial guess A" is close enough
to a solution of (A16), if the F; are continuously differentiable,
and if the Jacobian [0F; /0A;] is nonsingular, then the A will
converge to the solution in the limit as r — oo.

The method is based on the fact that, for small changes AX("
in the arguments A", we have the approximate equality

m JF, (X"
Fi()‘(r)+ A)\(’)) ~ Fi(,\(r)) + 2 M
k=1 AP

up to a term of order o(AX"). We therefore take AA" to be a
solution of the linear equation

m QE(A)

151 N

and set AP = A"+ AAP, In applying the Newton—Raphson

method to cross-entropy minimization, we let F;(A) be propos-
tional to the discrete form of the left side of (A7); we set

RO = 3 e (- $ 301, )

j=1 , u=1

E() X '"

T: - 2 fisfejpiexp | — 2 A(tf)fuj , (A19)
k j=1 u=1

where f;,= fi(x;) — f;, and we have removed a factor of

exp[—2,Af,]. With the abbreviation

1 @ yr
g;=p)exp (—5 Elh‘u)fuj )
B

A )\(kr)

AND = —F(A") (A17)

(A18)

we express the right sides of (A18) and (A19) in matrix notation
as|[ fdiag(g)g); and [ fdiag(g)*f"1ik, respectively, where diag (g)
is the diagonal matrix whose diagonal elements are the g, and f*
is the transpose of f. The solution of (A17) is then given by

axn=[( fding (£)'17) ' diag (¢)] .

We remark that the quantity in brackets is the Moore—Penrose
generalized inverse [16] of the matrix diag(g)f’. The approach
just described has been made the basis for a computer program
[17], written in APL, for solving cross-entropy minimization
problems with arbitrary positive discrete priors p and equality
constraints specified by matrices f. The approach is particularly
convenient for programming in APL since the generalized inverse
is a built-in APL primitive function [18]. To solve a minimum
cross-entropy problem with 500 states and 10 constraints, the
program typically requires 15 seconds of central processing unit
(CPU) time when running under the APL SF interpreter on a
DEC-10 system with a KI central processor.

Gokhale and Kullback [19] describe a somewhat different
algorithm, also based on the Newton—Raphson method, that has
been implemented in PL/I. Agmon, Alhassid, and Levine [20],
[21] describe yet another cross-entropy minimization algorithm
and a Fortran implementation. Tribus [13] presents programs in
Basic that compute singly and doubly truncated Gaussian distri-
butions as maximum entropy distributions with prescribed means
and variances.
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APPENDIX B
REMARK ON THE DISCUSSION OF PROPERTY 12

In the discussion of Property 12, it was stated that for any
prior p and any density r € D with H(r, p) < oo, there exists a
finite set of equality constraints I, such that r = p o I,. In fact, at
most two are needed. Let

o-fr e

r(x) =0,
flzoa
log (p(x)/r(x)),  r(x)#0
fz(x):{o’ r(x)=0,
h=—H(r,p),

and impose constraints

Ja)A(x) dx =1, (B1)

[a()f(x)dx =1 (B2)
The first constraint implies (p o I')(x) = 0 where r(x) = 0. On
the complementary set, where r(x) # 0, define g(x) by (A4) will
all A, = 0 except A, = 1; this gives a function g that satisfies the
second constraint as well as the first and also agrees with r.
Hence r = g is the result of minimizing H(q, p) with respect to
(B1) and (B2).
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