in Physics & Probability Essays in honor of Edwin T. Jaynes, pp. 177-194, W. T. Grandy
and P. W. Milonni (e e e e 199

G. arry retthorst
Washin ton ni ersity

epart ent of he istry

t. o is, Misso ri 1 -499

This paper addresses one of the ost f nda ental proble s that can occ r in e -
peri ental science, that of analy in two independent eas re ents of the sa e physical
antity nder sli htly di erent e peri ental conditions when the eas re ents are as-

s ed mncorrelated. This proble has a lon history oin bac to at least 19 9, when
ehrens 1 proposed a sol tion to the proble of esti atin the di erence in eans when
the standard de iations are ass ed ne al and n nown. isher rederi ed the sa e
res It sin d cial probabilities in 19 7 , , and last Je reys arri ed at the sa e distri-
b tion in 19 9 sin  ayesian probability theory 4. owe er, the ehrens test beca e
ite contro ersial beca se it called into  estion so e of the basic tenets of orthodo sa -
plin theory. or this reason the ehrens test is essentially not sed today. nstead a series
of tests are in se. or a ood disc ssion of the ehrens- isher contro ersy see ee,



or a re iew of the ehrens- isher proble see efs. |7, and for a description of
how this proble is addressed in orthodo sa plin theory see efs. 9,1 ,11.

The proble is ore co ple than st deter inin the di erence in eans or the
ratio of standard de iations. or e a ple, the standard de iations 1 ht be the sa e, or
they i ht be di erent onesi ply aynot now which condition applies and indeed, it is
certainly possible, that the data ay not stron ly fa or either hypothesis as they do not
inthen ericale a ple and so neither the two-sa ple test nor the ehrens- isher test is
tr ly applicable. dditionally, esti atin the di erencein eansis a para eter esti ation
proble , and it i plicitly ass es that the eans are di erent. efore one atte pts to
esti ate the di erence in eans, it wo ld be reasonable to as if the eans are di erent
The sa e state ents apply to esti atin the ratio of the standard de iations.

n early atte pt to sol e part of this proble was adeby ayaland icey 1,1 ,
when they co p ted the probability for fo r basic hypotheses. These hypotheses, the
eans and standard de iations are the sa e, the eans are the sa e and the standard
de iations di er, the eans di er and the standard de iations are the sa e, and the eans
and standard de iations di er, are of f nda ental i portance in this proble b t they
do not directly tell one if the data sets chan ed, and if they chan ed how To address the
estions  id the data sets chan e omne needs to co p te the probability that the data
sets di er independent of what chan ed. To address the other  estion, What chan ed
one needs to co p te two probabilities the probability that the eans chan ed, and the
probability that the standard de iations chan ed. co plete list of all of the hypotheses
addressed in this paper are i enin Table 1. efore proceedin to disc ss these hypotheses,
the proble bein addressed is described in  ore detail.

n two-sa ple and ehrens- isher li e proble s there are two data sets, and
one control, and one trial. ata set has data ite s labeled , and si ilarly
for data set . These data sets are repeated eas re ents of the sa e physical antity.
This  antity is desi nated as in dataset ,and in dataset . The para eters,
and , will be referred to as the eans of the data sets, altho h onesho ld eep r lyin

ind that this is a collo ial se. What one really eans by and  are two hypotheses.
These hypotheses are of the for  the constant si nal in data set had al e and
si ilarly for . Each data set is conta inated by additi e noise of standard de iations
and . i ilarly and will be referred to as the standard de iations of the noise,
b t what is really eant is a ain two hypotheses of the for ~ the noise in data set has
standard de iation and si ilarly for . With these de nitions the hypotheses and the
data are related by
noise of standard de iation 1

noise of standard de iation

Table 1 lists the hypotheses addressed in this paper and assi ns an abbre iation, to
each of the . = this paper, si ple hypothesis will be labeled with a sin le letter. or
e a ple, fro Table 1, the hypothesis eans the standard de iations are the sa e. Two

hypotheses ne t to each other sho ld be read with an and between the . ore a ple,
stands for the eans are the sa e and the ariances are the sa e. ast, the ne ation
of a hypothesis is represented with a bar o er the hypothesis. or e a ple, ~ eans

the ariances are not the sa e. The si ple hypotheses will enerally be addressed rst.
There is one e ception to this, =~ —, the eans or the standard de iations are not the



The eans are the sa e

The eans are not the sa e

The standard de iations are the sa e

The standard de iations are not the sa e

The eans and the standard de iations are the sa e

The eans are the sa e, and the standard de iations di er
The eans are not the sa e, and the standard de iations are the sa e
The eans and standard de iations are not the sa e

The eans or the standard de iations are not the sa e
The di erence, ,ise alto

The ratio ise alto

sa e. This hypothesis is the one that answers the estion did so ethin chan e and
it is the rst hypothesis addressed in this paper. The hypothesis eans the di erence
between the constant in the rst data set, and the constant in the second data is e al to

nd si ilarly the hypothesis eans that the ratio of the standard de iation in the
rst data set di ided by the standard de iation in the second data set is e al to . The
fo r co po nd hypotheses, , —, ,and ~ are the fo r hypotheses addressed by ayal

and icey 1,1

The trial data set can only di er fro the control data setin twoi portant ways
either the eans or the standard de iations can chan e there are no other possibilities.
This hypothesis is abbre iated = . The probability that represents this state of nowled e
is denoted by — . n words, this is the probability that the eans or standard
de iations are not the sa e i en the two data sets, and , and the prior infor ation

. The prior infor ation is all of the ass ptions that ha e oneinto a in this a well
posed proble . t present incl des the separation of the data into a si nal pl s additi e
noise, and that and are constants.

To co p te the probability that the eans or the standard de iations di er, note that

- T 1

tiss cient to co p te the probability that the eans and the standard de iations are
the sa e and fro that one can co p te the probability that the eans or the standard
de iations di ered. This is the rst hypothesis st died by ayal and ic ey.

does not depend on any para eters, it is a ar inal probability density f nction. The hy-
pothesis  ass esthe eansand the standard de iations are the sa e, so two para eters
a constant , and a standard de iation ha e been re o ed by ar inali ation

4

where and . The ri ht hand side of this e ation ay be factored sin
ayes Theore to obtain



ss in lo ical independence of the para eters and the data, this ay be f rther si -
pli ed to obtain

where is the prior probability that the eans and the standard de iations are the
sa e, is the prior probability for the a plit de, is the prior probability for
the standard de iation, and and are the direct probabilities

or li elihoods of the two data sets.

n this calc lation mninfor ati e prior probabilities will be sed. owe er, care will
be ta en to ens re that all prior probabilities are f lly nor ali ed. or the a plit de,
a bo nded nifor prior will be sed

1
— f
7
otherwise
where ,and and aretheli its on the constant and areass ed mnown.
bo nded Je reys prior will be sed for the standard de iation of the noise
1
f
lo
otherwise
where is the ratio , and and are the li its on the standard de iation
and are also ass ed mnown.
s noted earlier there are fo r f nda ental hypotheses , , ,and ~ 7, and
probability theory re ires s to assi n a prior probability to each of the . ere it is
that st be assi ned. o ass ption will be ade abo t which of these fo r

possibilities are present, b t all fo r of these possibilities are ass ed to occ r and so a
probability of 1 4 is assi ned to each.

The only  antities that re ain to be assi ned are the two li elihood f nctions. The
prior probability for the noise will be ta en to be Ga ssian. f theli its on the inte ral
e tend fro in s in nity to pl s in nity, and the li its on the inte ral e tend fro

ero to in nity, then both inte rals can be e al ated in closed for . owe er, with nite

li its either of the two indicated inte rals ay e al ated, b t the other st be e al -

ated n  erically. E al atin the inte ral o er the a plit de, and ne lectin a factor of
, which is co  on to all the odels, we obtain

4 1o cr T - -7

where  and  are the ean and ean-s are of the pooled data, ,

— — 1



and is the co pli entary Ga  af nction of inde  and ar ent . The si n is
chosen to be in s if both and are of the sa e si n, and pl s if and are of
di erent si n.

E ation can be sed to tell one if the data sets are the sa e, and by sin E .
one can deter ine the probability that the eans or the standard de iations chan ed, and
th s, answers the rst estion of interest, did so ethin chan e t as soon as one

nows that so ethin chan ed, ones interest in the proble chan es and one wants to now
What chan ed and it is this proble that is addressed in the ne t section.

Gi en that so ethin chan ed, there are only two possibilities either the eans
or the standard de iations chan ed. To deter ine if the eans chan ed one co p tes
i ilarly, to deter ine if the standard de iations chan ed, one co p tes

sin thes 1 le, these probabilities ay be written

- 11
and
- 1
where is co p ted independent of whether or not the standard de iations are
the sa e while is independent of whether or not the eans are the sa e.
ote that three of the fo r hypotheses st died by ayal and ic ey , ,and ~
ha e appeared. The fo rth, 7, appears whene er either — or is
co p ted.

The probability that the eans are the sa e, ,is a ar inal probabil-
ity. tis co p ted fro two ter s, , and - . was
co p ted in the last section and - is addressed in this s bsection.  otice
that - ass es the constants are the sa e in both data sets, b t the stan-

dard de iations are di erent. either the constant nor the standard de iations appear in
- onse ently, ,is a ar inal probability density, where the
constant and the two standard de iations were re o ed as n isances

1
The prior, , st be assi ned and for lo ical consistence it st be assi ned the
sa e prior ran e as
1
_ f
lo 14

otherwise



To e al ate the twointe rals o er  and ,ones bstit tes E s. 7, ;14 , a Ga ssian

noise prior for the li elihoods, and - 1 4. Then e al atin the inte ral o er
and , one obtains
1 lo
1
where
— o — o 1
and _, o  are the eans and ean-s ares of and respecti ely.

To obtain the probability that the standard de iations chan ed, , two
ter s st be co p ted. The rst of these ter , has already been co -
p ted, E ., and the second ter , ,1i ethe rst,is a ar inal probability

i en by
17
The prior probability, , st be assi ned and for lo ical consistency it st be

assi ned the sa e prior ran es as

— f
1
otherwise
To e al ate the inte rals o er and ,ones bstit tesl1 4for — _E s 7,,1 .

and a Ga ssian noise prior is sed to assi n the two li elihoods. Then e al atin the
inte rals o er and  one obtains,

lo
19

where



and the si n is chosen to be in s when and are of the sa e si n and pl s when
they are of di erent si n, and si ilarly for and

sin the calc lations presented so far one can deter ine if so ethin has chan ed,
and then deter ine what has chan ed either the eans or the standard de iations. t
after deter inin what chan ed, a ain one s interest in the proble chan es. ow one
wants to esti ate the a nit de of the chan es. To esti ate the a nit de of the chan es
one needs to co p te and , and these calc lations are the s b ect
of the ne t section.

Esti atin the di erence in eans and the ratio of the standard de iations is where
ost research on this proble has been concentrated. These calc lations are based on two
ass ptions that one of the para eters di ers, and that the other para eter is either
the sa e or not. Then sin these ass ptions, one esti ates the di erence in eans or
the ratio of standard de iations. or the two-sa ple proble , one ass es that the eans
are di erent and that the standard de iations are the sa e. The di erence in eans is
then esti ated. The ehrens- isher proble co es abo t when the standard de iations
are ass ed n nown and di erent. n real proble s, when a lot of data are a ailable, one
does not need probability theory or statistics. The e idence in the data is s ally so o er-
whel in that one can draw correct concl sions witho t any for al statistical proced res.
t is only in the case where the e idence in the data is ea er, that one needs any for al
statistical theory. t it is precisely in these cases, that the ass ptions bein ade by
both the two-sa ple calc lations and the ehrens- isher calc lations are ost  estion-
able. n the ne t few s bsections, the proble of esti atin the di erence in the eans
and the ratio of standard de iations is addressed independent of whether or not the other
para eter is the sa e. or the di erence in eans, this res lts is a wei hted a era e of
the two-sa ple calc lation and the ehrens- isher calc lation, where the wei hts are st
the probability that the standard de iations are the sa e or not. si ilar res It holds for
the ratio of the standard de iations.

To esti ate the di erence in  eans, one st rst introd ce this di erence into the
proble . e nin  and to be the di erence and s  of the constants and , one has

The two constants, and , are then i en by



The odel e ations, E s. 1

and

The probability for the di erence,

This is a wei hted a era e of the probability for the di erence in
dard de iations are the sa e the two-sa ple proble
i en that the standard de iations are di erent the

in  eans
The wei hts are

, then beco e

noise of standard de iation

noise of standard de iation

,is then i en by

eans i en that the stan-
and the probability for the di erence
ehrens- isher proble

st the probabilities that the standard de iations are the sa e or dif-
ferent. Two of these fo r probabilities,
ha e already been co p ted, E s. 1

and 1 ,
The other two probabilities, and

, st now be addressed.

, is essentially the two-sa ple proble
probability where the standard de iation and

. This probability is a ar inal
ha ebeen re o ed asn isance para eters

where and are assi ned bo nded nifor priors
1
— f
9
otherwise
and )
—_— f
otherwise

To e al ate the inte ral o er
prior is
obtains

lo

sed to assi n the two li elihoods.

one s bstit tes £ s. , 9, ,and a Ga ssian noise

Then e al atin the indicated inte ral, one



as the probability for the di erence in eans i en that the standard de iations are the
sa e, where

and

The ehrens- isher proble is essentially i en by - , the probability for
the di erence in eans i en that the standard de iations are not the sa e. This prob-
ability is a ar inal probability where both the standard de iations and the s of the

eans, ,ha e been re o ed as n isance para eters

where all of the ter s appearin in this probability density f nction ha e been pre io sly
assi ned.

To e al ate the inte ralso er and ,ones bstit tes E s. .14, 9, and a Ga s-
sian noise prior is sed in the two li elihoods. E al atin the inte rals, one obtains

where

and

4

With the co pletion of this calc lation the probability for the di erence in  eans,
E . 7 ,is now co plete. eforet rnin o r attention to a n  erical e a ple there is
one nal calc lation, the probability for the ratio of the standard de iations independent
of whether or not the eans are the sa e, that st be co pleted.



To esti ate the ratio of the standard de iations, this ratio st be introd ced into
the proble . e nin  and to be

and s bstit tin these into the odel, E s. 1, ,one obtains

noise of standard de iation 9
and
noise of standard de iation 4
The probability for the ratio of the standard de iations, ,is then i en by
41

This is a wei hted a era e of the probability for the ratio of the standard de iations i en

the eans are the sa e pl s the probability for the ratio of the standard de iations i en

that the eans are di erent. The wei hts are st the probabilities that the eans are the

sa eornot. Twoof the fo r probabilities, and ~ 1 ,

ha e already been co p ted, E s. 11 . The other two probabilities, and
- , st now be addressed.

The rst ter to be addressed is . This probability is a ar inal proba-
bility where both and ha e been re o ed as n isance para eters

where the prior probability for the ratio of the standard de iations is ta en to be a bo nded
Je reys prior

1
_ f
lo 4
otherwise
To e al ate the inte tal o er , one s bstit tes E . 14,4 , and a Ga ssian noise

prior probability is sed to assi n the twoli elihoods. E al atin the inte ral, one obtains

1 1
ep — - — - — a4

lo



where

— — 4
— B — o 4
— — 47
and the si n is a ain chosen to be a in s if and are of the sa e si n, and pl s if
they are of di erent si n.

The second ter that st beco p tedis - , the probability for the ratio
of standard de iations i en that the eansarenotthesa e. Thisisa ar inal probability
where , ,and ha e beenre o ed asn isance para eters

- - 4

where all of the ter s appearin in this probability density f nction ha e been pre io sly
assi ned.

To e al ate the inte ral o er and ones bstit tes E . 7, .1 4 ,and a Ga ssian
noise prior is sed in assi nin the two li elihoods. E al atin the indicated inte rals, one
obtains

e -
4 lo P
49
1 1 1 1
where the in s si n is chosen when and ha e the sa esi n and the pl s si nis
chosen when the si n of and di er and si ilarly for and

With the co pletion of this calc lation, the probability for all of the hypotheses ap-
pearin in Table 1 ha e been co p ted. t is now ti e to apply these calc lations in an
e a ple. Thee a ple sedis ta en fro Jaynes 14,1 . This article is a series of e a -
ples contrastin orthodo and ayesian ethods. n onee a ple, Jaynes applied both the
two-sa ple and the ehrens- isher calc lations to the sa e sets of data. Thise a ple will
be e tended here sin the proced res de eloped in this paper. The data in this e a ple
are the ean lifeti es and standard de iations for a certain co ponent fro two di erent



an fact res. Man fact rer s pplies 9 nits for test, whicht mo ttoha ea ean
standard de iation lifeti e of 4 74 ho rs. Man fact rer s pplies 4 nits, which
yield 4  ho rs. The calc lations presented here will rst deter ine if the data sets
di er then if they di ered, how and last, i en that they di ered, the a nit de of the
di erence will be esti ated.

n the analysis perfor ed by Jaynes the n isance para eters were re o ed sin

i proper prior probabilities. This co ld be done, beca se the proble was treated as a
para eter esti ation proble , and the in nites introd ced cancel when the distrib tions
were nor ali ed. owe er, in the calc lation presented here, i proper priors cannot be

sed beca se the in nites do not cancel. The prior ran e on the a plit des will be ta en
as 4 and for the standard de iations 1 . eca se the data and
the type of co ponents are not stated, assi nin these prior ran esis ore di c¢ It than
nor al. onse ently, at the end of this e a ple, the calc lations will be repeated sin
wider ran es to see what e ect this has on the concl sions.

The data consists of the eans and the standard de iations of each data set as well as

then ber of data al es. t how the standard de iations were co p ted wasnot i en.

ere it will be ass  ed that 1 was in the standard de iation calc lation. With this
ass ption the ean-s aredata al es aybeco p ted, and th s, all of the calc lations
presented in this paper ay be perfor ed. These calc lations ha e been i ple ented as
a eneral fortran pro ra that will analy e any two-sa ple or ehrens- isher li e data
sets. This pro ra is a ailable fro the a thor. The o tp t fro this pro ra is i enin
Table for the data presented in this e a ple.

The rst  estion of interest is whether or not the data sets are the sa e. Jaynes,
essentially ta es it as a i en that the data sets di er. e indicates thin o rco on
sense tells si  ediately, witho t any calc lation, that this constit tes fairly s bstantial

b t not o erwhel in e idence in fa or of . To arri e at this concl sion, one st
rst concl de that the data sets are di erent, and second that they di er in the eans,
independent of whether or not the standard de iations are the sa e. n the analysis done
by Jaynes, the calc lations are 1st done sin the ass  ption that the standard de iations
are di erent, fro which he de onstrated that thereisa .9 probability that . nd
he went on to de onstrate that essentially the sa e concl sions wo ld be drawn when the
standard de iations are ass ed e al.

n this paper, the probability that the data sets are the sa e, has been e plic-

itly co p ted, E . . i ilarly the probability that the eans di ered is i en by

- 1 , and is ien by E . 11 and these prob-
abilities are 1 enin Table . ons Itin Table , the probability the data sets are di erent
is . ,th ss pportin Jaynes concl sion that the data sets di ered. nd con r s Jaynes

int ition that it is ood e idence, b t not o erwhel in .

ow that one nows that the data sets are not the sa e, or at the ery least are
probably not the sa e, one wo 1d li e to now what chan ed. id the eans chan e or
did the standard de iations chan e ons ltin Table , the probability that the eans
are di erentis .7 . o Jaynes concl sion that the eans are di erent is bein s pported.






n the calc lations perfor ed by Jaynes both a two-sa ple li e calc lation and a

ehrens- isher li e calc lation were perfor ed to indicate the relati e e idence in fa or
of the hypothesis that the eans were di erent. t to perfor a two-sa ple calc la-
tion one st ass e that the standard de iations are the sa e. 1 ilarly to perfor
a ehrens- isher calc lation, one st ass e that the standard de iations are di erent.
The probability that the standard de iations are the sa eis also i en in Table . on-
s Itin Table ,one nds the probability that the standard de iations are the sa e is
neither con r in nor denyin the hypothesis. o neither a two-sa ple calc lation nor a

ehrens- isher calc lation is sti ed for this data the data do not s pport either hypoth-
esis. Gi en how close these probabilities are to one i ht e pect that a wei hted
a era eof theres Itsfro atwo-sa plecalc lation and a ehrens- isher calc lation wo 1d
be a better indicator of the di erence in eans, and this is e actly what probability theory
tells one to do.

The probability that the eans are di erent is .7 , indicatin  ood b t not o er-
whel in e idence in fa or of di erent eans. n this s bsection it will be ass ed that
the eans are di erent and the proble to be addressed is one of esti atin the a ni-
t de of this di erence. The probability for the di erence in eansis i enby E . 7. To
co p te this probability both a two-sa ple calc lation and a ehrens- isher calc lation

st be perfor ed. o it is easy to ha e the pro ra report the two-sa ple calc lation
dotted line, i .1, the ehrens- isher calc lation dashed line, i .1, and wei hted
a era e deri ed in this paper solid line, i .1 .

The two-sa ple calc lation ass es the standard de iations are the sa e. There is
only a . probability of this, so the two-sa ple odel st not t the data  ch dif-
ferently than a ehrens- isher odel. ere the two-sa ple odel esti ates the standard
de iation of the noise to be hi her than the ehrens- isher calc lation, beca se the pooled
standard de iation is lar er than that of either data set separately. onse ently, this
distrib tion is ore spread o t, less certain, of the di erence dotted line, i .1 . The

ehrens- isher calc lation has a standard de iation for each data set, and can red ce the
o erall esti ate of the noise so the ehrens- isher distrib tion is ore sharply pea ed
dashed line, 1.1 . t probability theory tells one to se a wei hted a era e of these
two distrib tions. ere both odels t the data abo t e ally well. nder these condi-
tions probability theory will prefer the si pler odel. The probabilities that the standard
de iations are the sa eis . and .4 that they are di erent. o the wei hted a era e
follows the two-sa ple calc lation a little ore closely than the ehrens- isher calc lation
solid line, i .1 .

When esti atin the di erence in  eans, there was not ch e idence in fa or of

di erent standard de iations. onse ently one wo ld not e pect either the two-sa ple
calc lation or the ehrens- isher calc lation to be ery di erent and this is e actly what
i . 1 shows. t there is fairly stron e idence in fa or of the eans bein di erent. f
the proble is to esti ate the ratio of the standard de iations, one wo 1d e pect the two
calc lations to be s bstantially di erent. That is to say, the probability for the ratio of



the standard de iations i en the sa e eans sho ld be s bstantially di erent fro the
probability for the ratio of the standard de iations i en that the eans are di erent.

These two distrib tions, as well as the wei hted a era e are shown in i . . The
probability for the ratio of the standard de iations i en the eans are the sa e is shown
as the dotted line. This odel does not +t the data well the pooled data ha e a lar er
standard de iation than either data set separately . onse ently, the ncertainty in this
probability distrib tion is lar e co pared to the other odels and the distrib tion is ore
spread o t. The probability for the ratio of standard de iations i en di erent eans is
shown as the dashed line. This odel ts the data better, and res Its in a ore stron ly
pea ed probability distrib tion.  t probability theory tells one to ta e a wei hted a era e
of these two distrib tions, solid line. The wei hts are st the probabilities that the eans
are the sa e or di erent. ere those probabilities are . and .7 respecti ely. o the
wei hted a era e follows - ore closely than

t has been noted se eral ti es that the prior ran es do not cancel. This occ rs when
odels are bein considered that contain either di erent types of para eters or di erent
n  bers of para eters of the sa e type. ere the odels all contain the sa e types of
para eters, constants and standard de iations, b t they contain di erin n  bers of these
para eters. omnse ently the prior ran es arei portant and will a ect the concl sions.



n the e a ple st i en the prior ran e on the constants, and , was 4

, where was aro h esti ate of the standard de iation. This ass es, in

e ect, that all of the data al es are ro hly within one standard de iation of the ean.

This wo 1d be an nreasonable ass  ption if then  ber of data ite s werelar e, b t with

only 4 and 9 data ite s, who nows The estion in esti ated here is st how stron ly
do the concl sions depend on the prior ran es

ppose that 1 , so that the prior ran es beco e . What e ect

wo 1d this ha e on the concl sions er nnin the pro ra sin these ran es for the

ti e bein holdin the prior ran es on the standard de iations constant one nds the

probability that the data sets are di erent is .7 . This co pared to . , pre io sly. o

chan in the mncertainty in the a plit des by a factor of , has lowered this probability by

ro hly as all chan e. econd, the probability that the standard de iations chan ed

is now .411, co pared to .41 pre io sly only a1l chan e. nd third, the probability

that the eans are di erent is . 1, co pared to .7 pre io sly an 1 chan e. n all

cases the res lts ha e chan ed sli htly, b t not nearly by a factor of and e €
ee e .

ow, s ppose that the prior ran e on the standard de iations were chan ed by a

factor of 1 B 1 ~ what wo 1d the e ect of

this be ere the prior ran e on the constant will be ret rned to their ori inal al e.

er nnin the pro ra , one obtains a probability of . 1 that the data sets are di erent.
This co pares to . obtained pre io sly, abo t a chan e. or the probability the



eans are di erent, one obtains . 9 co pared to .7 pre io sly, abo ta . chan e.
nd last the probability that the standard de iations are di erent was . co pared to
41, abo t an chan e.  ain none of the a or concl sions are chan ed.
pparently, the e ect of these prior ran es is s all. ere the si e of the e ect is of
the order of the s are root of the lo arith of chan e or s aller. The a nit de of the
e ect depends on st how stron ly a proposition is bein s pported by the data when
the e idence in the data is lar e, chan in the prior ran es by factors of tho sands has
essentially no e ect on the concl sions. The only reason one co Id see an e ect here was
that the e idence in the data was s all and then the prior infor ation isi portant.

The calc lations presented in this paper are enerali ations of the ehrens- isher and
two-sa ple proble s and the traditional and st dent -distrib tions. They allow the
e peri enter to in esti ate the proble s of interest in a way ne er before possible. irst,
they allow one to deter ine if the data sets di er. econd, they allow one to deter ine
how they di er either in the eans or in the standard de iations. nd third, one can
esti ated the a nit de of these chan es witho t additional ass ptions. The di erence
in ean can be esti ated independent of whether or not the standard de iations are the
sa e or not while the ratio of the standard de iations can be esti ated independent of
whether or not the eans are the sa e. ast, these probability density f nctions allow one
to pict re the res Its in a way ne er before possible not by statin the res lts as a sin le
n ber, b t raphically so that one can see the e idence with ones own eyes.
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