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Modeling Water Diffusion Anisotropy Within Fixed
Newborn Primate Brain Using Bayesian Probability
Theory
Christopher D. Kroenke,1* G. Larry Bretthorst,1 Terrie E. Inder,3 and Jeffrey J. Neil1,2
An active area of research involves optimally modeling brain diffusion MRI data for various applications. In this study Bayesian
analysis procedures were used to evaluate three models applied
to phase-sensitive diffusion MRI data obtained from formalinﬁxed perinatal primate brain tissue: conventional diffusion tensor
imaging (DTI), a cumulant expansion, and a family of modiﬁed DTI
expressions. In the latter two cases the optimum expression was
selected from the model family for each voxel in the image. The
ability of each model to represent the data was evaluated by
comparing the magnitude of the residuals to the thermal noise.
Consistent with previous ﬁndings from other laboratories, the DTI
model poorly represented the experimental data. In contrast, the
cumulant expansion and modiﬁed DTI expressions were both capable of modeling the data to within the noise using six to eight
adjustable parameters per voxel. In these cases the model selection results provided a valuable form of image contrast. The successful modeling procedures differ from the conventional DTI
model in that they allow the MRI signal to decay to a positive
offset. Intuitively, the positive offset can be thought of as spins
that are sufﬁciently restricted to appear immobile over the sampled range of b-values. Magn Reson Med 55:187–197, 2006.
© 2005 Wiley-Liss, Inc.
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In this study we investigated three mathematical models
for analyzing water diffusion within formalin-ﬁxed perinatal primate brain. They were applied with the goal of
evaluating the complexity of diffusion MRI data in this
experimental system. On the microstructural scale, developing brain tissue varies from region to region, and also
evolves with brain maturation. As a result, the diffusionattenuated MRI signal is expected to reﬂect these changes
through spatial and temporal variations. Methods to analyze diffusion MRI data must be ﬂexible enough to accommodate a diverse array of tissue characteristics, but should
encode this ﬂexibility in a simple manner. It is hoped that
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a better understanding of the degree of complexity in the
MRI data will help elucidate the relationship between
cellular level tissue characteristics and diffusion MRI data.
Two of the analysis procedures pursued in this study
incorporate ﬂexibility by using Bayesian probability theory to perform model selection calculations. The Bayesian
framework provides a convenient way to determine
whether statistically signiﬁcant improvements in agreement between a model expression and the data justify the
use of a complex mathematical expression over a simpler
one. In previous studies of adult human brain, F-statistic
calculations were used to make similar determinations
(1–3). In the study described here we further extended this
work to determine how completely the selected model
expressions represent the data. Following the Bayesian
modeling procedures, the residuals between the model
predictions and the data are computed. The ﬁdelity of the
model expressions to the data is evaluated by comparing
the magnitude of the residuals to the magnitude of the
noise in regions of the images that are devoid of signal.
Regions in which the residuals are larger than the noise are
areas that deviate from the model. By determining the
minimum number of parameters needed to model the data
to within the noise, the model selection calculations reveal
the minimum/optimal number of parameters within each
class necessary to model the data to within the noise.
Diffusion MRI has much clinical potential for monitoring cerebral development in prematurely delivered human
infants (4). We chose ﬁxed baboon brain as the focus of this
study for two reasons: First, it has high clinical relevance
for both normal development and brain injury in humans
(5,6). Second, it is possible to employ very long MR scanning
times with ﬁxed tissue. This allows data to be acquired with
a very high signal-to-noise ratio (SNR), spatial resolution,
and diffusion angular and radial resolution. Further, it has
been demonstrated in rodent models that diffusion anisotropy characteristics are well preserved in ﬁxed tissue (7,8).
A number of mathematical expressions have been used
to model brain diffusion MRI data. The most commonly
used approach that incorporates directionally-dependent
diffusivity is the conventional diffusion tensor imaging
(DTI) model (1,9). According to the conventional DTI formalism, diffusion is characterized by three unique diffusion coefﬁcients in directions parallel to local x-, y-, and
z-axes. Diffusion in oblique directions is characterized by
a linear combination of the three on-axis diffusivities. The
conventional DTI model parameters clearly reveal cellular-level anatomy in myelinated white matter (10) and
developing cortical gray matter (4).
More elaborate models of diffusion MRI data have also
been proposed. Some of these models were motivated by
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observations that diffusion is not accurately characterized
simply by a single diffusion coefﬁcient along a given direction. Speciﬁcally, at higher b-values the MRI signal
attenuation curve is non-monoexponential with b. To address these observations, both multiexponential models
(11–13) and high-order generalizations of the diffusion
tensor (14 –16) have been proposed. In addition, models
have been formulated to parameterize heterogeneous collections of ﬁber tract orientations within a single voxel.
These models include a sum of multiple diffusion tensors
(12,13), a spherical harmonic decomposition of the diffusion MRI signal (3,17,18), and explicit models of multiple
ﬁber orientations (11). Our goal was to generate an analysis
procedure that would retain the simplicity and clear relationship to microstructure present in the conventional DTI
model, but would also include elaborations on the conventional DTI model when appropriate.
The three models/model classes investigated in this
study were the conventional DTI model, a cumulant expansion of the diffusion MRI signal, and a modiﬁed family
of DTI models. The conventional DTI model consists of a
single expression, whereas the latter two consist of multiple expressions. To gauge the abilities of these three strategies to account for the diffusion MRI data, the residuals
are compared with the noise. Under ideal circumstances,
the standard deviation (SD) in the residuals equals the SD
in the noise, indicating that the model accounts for all of
the data while it minimizes the susceptibility of parameter
estimations to differences in noise characteristics between
data sets. A comparison of the residuals with the noise
following conventional DTI analysis leads to the identiﬁcation of speciﬁc regions in the brain where discrepancies
between the conventional DTI model and MRI data are
most severe. The latter two investigated model classes
proved to be capable of accounting for the data to within
the noise. Further, within these classes the number of
parameters needed to accurately model the data (determined using probability theory) varies regionally in a manner that is related to the underlying brain microstructure.
The cumulant expansion and the modiﬁed family of DTI
expressions both differ from the conventional DTI model
in two primary ways: First, the two model classes enable
tuning of the number of adjustable parameters to each
individual voxel. Although the two model classes parameterize the data in different ways, both procedures identify
expressions that model the data to within the noise using
six to eight adjustable parameters per voxel. Second, both
model classes allow the data to be modeled as decaying to
either a positive offset or to zero with increased diffusion
weighting, whereas the conventional DTI model assumes
that the data decay to zero. Model selection calculations
reveal that the inclusion of an offset parameter effectively
parameterizes the previously described high b-value deviation from the DTI model. The offset parameter exhibits
contrast similar to that described for the “slow component” of biexponential analysis (12,13), being larger in
myelinated white matter than in gray matter, yet the modiﬁed DTI model has fewer adjustable parameters than previously proposed non-monoexponential models of diffusion anisotropy. Interestingly, the magnitude of the offset
parameter appears to increase in association with myelin
formation.
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The cumulant expansion and modiﬁed DTI model
classes applied in this study are derived and assessed in a
phenomenological manner. They are chosen simply because they accurately account for the experimental data,
not because the model parameters necessarily directly correspond to physical characteristics of tissue structure.
However, the conclusions drawn from this procedure are
general. The results suggest that only six to eight adjustable parameters are necessary to account for the diffusion
MRI data to within the noise. Models with a greater number of adjustable parameters are not warranted by the data.
Further, though the signal decay vs. b-value along a given
direction is clearly non-monoexponential, the addition of
a constant term is sufﬁcient to account for this deviation
from a monoexponential function without the need to
include a second exponential decay term (a biexponential
model). Finally, the data from roughly one-third of voxels
within the brain can be accounted for with the use of six
parameters. The voxels that require more than six parameters are mainly present in the white matter, possibly
reﬂecting the complexity of crossing, myelinated ﬁbers.
Since this study was conﬁned to the immature developing
brain, which is not yet fully myelinated, it is possible that
white matter of adult brain has a higher proportion of
voxels that require models with high-order terms.

MATERIALS AND METHODS
Bayesian Calculations and Markov Chain Monte Carlo
(McMC) Simulations
Bayesian probability theory provides a framework for determining the “posterior probability” for model parameters
over speciﬁed ranges given a model expression and data
(19). A robust numerical method for implementing Bayesian calculations utilizes McMC simulations (20,21). Bayesian/McMC procedures were previously described for estimating parameters of the conventional DTI model from
diffusion MRI data (22).
The calculations presented here extend the Bayesian/
McMC approach (22) to simultaneously estimate the posterior probability of diffusion anisotropy model parameters and compare the relative probabilities of various
model expressions against each other. The latter part of the
calculation is referred to as “model selection.” Model selection is a simple conceptual extension of parameter estimation whereby a model parameter is assigned as an
index that speciﬁes which expression from a set is used to
represent the data (23,24). The posterior probability for
this index therefore indicates the relative probabilities of
the model expressions.
Three calculations were performed. All three cases utilized McMC simulations to approximate the posterior
probabilities of the relevant model parameters. For the
latter two model classes, McMC simulations were also
used to perform model selections. In each case the model
expressions were applied independently to each voxel in
the image. The conventional and modiﬁed DTI calculations utilized 50 Markov chain simulations, each of which
involved 50 sampling steps, for each voxel. The number of
simulations and sampling steps was 32 and 32, respectively, for the cumulant expansion calculations. Computa-
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tions implementing the conventional and modiﬁed DTI
models were performed in parallel, using 32 Intel Itanium
2 processors. These calculations required approximately
1 hr per 128 ⫻ 128 voxel image.
Conventional DTI Model

Modiﬁed DTI Model Class
The ﬁnal class of models applied to the data was motivated
by the observation that for each voxel, a relatively simple
cumulant expansion can model the MRI data to within the
noise (see Results). Bayesian model selection was employed to determine the most appropriate of the following
expressions to model the data for each voxel:

The conventional DTI model is deﬁned as (1,9):
S共qជ 兲/S共0兲 ⫽ exp共⫺⌬qជ 䡠 D 䡠 qជ T 兲

[1a]

in which D is a symmetric 3 ⫻ 3 matrix containing three
real and positive eigenvalues
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qជ is deﬁned in Eq. [4], S(0) is the signal amplitude for qជ ⫽
(0,0,0), and R(,,) is a 3 ⫻ 3 rotation matrix that relates
the laboratory frame to the voxel-speciﬁc diffusion tensor
frame. Bayesian calculations were performed to estimate
S(0) and the six elements of the diffusion tensor (seven
adjustable parameters total) as described by Behrens et al.
(22).
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[3]

where DTI refers to the expression in Eq. [1a], and C is an
offset term as in Eq. [2]. The terms “prolate,” “oblate,” and
“isotropic” are simpliﬁcations of the DTI model that allow
for axial (prolate, oblate) or radial (isotropic) symmetry.
Strictly speaking, Prolate is deﬁned by constraining Eq.
[1b] so that 1 ⫽ 2 ⬍ 3 and  ⫽ 0; Oblate is deﬁned by
constraining 1 ⬍ 2 ⫽ 3 and  ⫽ 0; and Isotropic is
deﬁned by constraining 1 ⫽ 2 ⫽ 3 and  ⫽  ⫽  ⫽ 0.
The resulting number of adjustable parameters within the
terms DTI, prolate, oblate, and isotropic are 7, 5, 5, and 2,
respectively. The details of the Bayesian model selection
calculation using Eq. [3] have been published elsewhere
(23).

Cumulant Expansion Model Class
A cumulant expansion (see Appendix C in Ref. 19) plus an
offset, C, is an adaptable class of expressions. Therefore, it
was used to explore the nature of the observed deviations
in the data from the DTI model (described in Results). The
resulting expression is
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[2]
In contrast to the conventional DTI model, a voxel-speciﬁc
“principal” frame cannot be uniquely deﬁned for Eq. [2].
Therefore the subscripts x, y, and z refer to the laboratory
frame. The Eijk are coefﬁcients for moments of order i ⫹ j
⫹ k. The coefﬁcients of order 2 correspond exactly to the
six elements of the diffusion tensor, and coefﬁcients of
order 4 represent diffusional kurtosis terms (14). Higherorder moments were previously interpreted in terms of a
generalized diffusion equation by Liu et al. (15). The positive offset term, C, corresponds to the fraction of the signal
for which decay is too slow to quantify. In the cumulant
expansion calculation, the set of Eijk necessary to model
the data is expected to vary from voxel to voxel. Therefore,
both the parameter set and the parameter values must be
estimated for each voxel. This calculation is described in
detail in the Appendix.

Data Acquisition
An immersion ﬁxed (10% formalin) brain from a baboon
infant was obtained from the Southwest Foundation for
Biomedical Research, San Antonio, TX. The baboon was
euthanized, following American Association for Accreditation of Laboratory Animal Care guidelines, 2 days after it
was delivered naturally at full term (185 days gestation).
For diffusion MRI analysis, the brain was placed within a
small container of 10% formalin, and experiments were
performed at ambient magnet bore temperature (18°C). The
formalin container/brain was inserted into a 7 cm inner
diameter (i.d.) linearly polarized Litz RF coil (Doty Scientiﬁc, Columbia, SC). The coil was tuned to 201.5 MHz and
matched to 50 ⍀ impedance. The RF coil was placed
within a 10-cm i.d., three-axis gradient coil system (Magnex Scientiﬁc, Oxford, UK) that is capable of producing
magnetic ﬁeld gradients of up to 60 G/cm. The gradient
coils reside in a 4.7 T magnet (Oxford Instruments, Oxford,
UK) that is controlled by a Varian (Palo Alto, CA) INOVA
console.
Diffusion-weighted images were generated using a standard 2D spin-echo imaging (single acquisition per RF excitation) pulse sequence. The image of a 0.5-mm-thick slice was
acquired coronally with an in-plane resolution of 0.5 ⫻
0.5 mm. The ﬁeld of view (FOV) and number of points
acquired were respectively 4.8 cm and 96 in the phaseencode dimension, and 6.4 and 128 in the frequency-encode
dimension. The image acquisition parameters were TR ⫽
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Table 1
Diffusion-Sensitization Gradient Settings
G␣ (G/cm)

G␤ (G/cm)

G␥ (G/cm)

b (ms/m2)

0
0
7.6
5.1
0
2.5
0
5.1
7.6
17.7
2.5
20.3
10.1
2.5
12.7
25.3
7.6
27.9
5.1
20.3
22.8
7.6
30.4
30.4
17.7
35.5
38.0

0
2.5
0
7.6
0
5.1
12.7
0
2.5
10.1
20.3
2.5
7.6
5.1
17.7
7.6
10.1
0
27.9
0
15.2
32.9
12.7
20.3
12.7
17.7
32.9

0
2.5
0
2.5
10.1
10.1
0
12.7
12.7
0
5.0
5.1
17.7
22.8
15.2
7.6
25.3
10.1
10.1
22.8
17.7
0
15.2
12.7
35.5
15.2
10.1

0
0.11
0.50
0.78
0.89
1.17
1.39
1.60
1.94
3.60
3.83
3.83
4.10
4.77
6.10
6.55
6.94
7.60
7.83
8.05
9.21
9.88
11.38
12.93
14.98
15.59
22.75

RESULTS
Conventional DTI Analysis

2.3 s, TE ⫽ 67 ms, and number of averages ⫽ 4. Diffusion
sensitization was incorporated into the spin-echo sequence
according to the Stejskal-Tanner scheme (25), with gradient
length ␦ ⫽ 5 ms, gradient spacing ⌬ ⫽ 50 ms, and strength
along the x, y, and z components varying from 0 to 38 G/cm.
Diffusion anisotropy was measured by acquiring 162 images
while varying the relative strength and polarity of the diffusion-sensitization gradients along the x-, y-, and z-axes of the
laboratory frame. The diffusion sensitization sampling
scheme contains both a random component, to minimize
sensitivity to systematic errors, and a regular component, to
ensure a uniform sampling of qជ value directions. The 162
images consist of six iterations of 27 randomly chosen gradient settings. Table 1 lists the 27 settings along axes ␣, ␤, and
␥. The six iterations were performed with (␣,␤,␥) corresponding to (x,y,z), (y,z,x), (z,x,y), (x,y,–z), (–y,z,x), and (z,–x,y),
respectively, to yield six repetitions of the setting (0,0,0) and
156 additional unique gradient conﬁgurations (157 unique
directions total). Here diffusion sensitization strength is
quantiﬁed in terms of the induced spatial frequency in magnetization phase, q␣ (26):
q ␣ ⫽ ␥G ␣␦/共2兲

In the diffusion MRI analysis, the signal amplitude for a
single voxel, S, was recorded for varying settings of the
vector qជ ⫽ (q x , q y , q z ), to obtain the diffusion decay curve
S(qជ ). To obtain the signal amplitudes, phase-sensitive images were calculated from the complex k-space data using
methods previously described in velocity imaging studies
(27). For each 2D image, three phase parameters were
found that rendered the data purely absorptive (i.e., the
“imaginary” channel images were purely white noise).
These three parameters correspond to one frequency-independent phase and two linear frequency-dependent corrections (one for the phase-encode direction and one for
the frequency-encode direction). From these procedures,
one S(qជ ) curve, consisting of 162 data values, was extracted from each voxel in the image.

[4]

where ␥ is the 1H magnetogyric ratio, ␣ speciﬁes the direction of the diffusion-sensitization gradients (x, y, z, or
some oblique combination), and G␣ is the magnitude of the
diffusion-sensitization gradient pulse, which is a vector
ជ ⫽ (Gx,Gy,Gz). The total scan time for this proquantity G
cedure was 42 hr, and the SNR for the S(0) data points
within brain was approximately 30.

Figure 1a shows a T2-weighted coronal spin-echo image of
a formalin-ﬁxed baboon brain. The image was acquired
with the diffusion-sensitizing gradients set to zero amplitude, qជ ⫽ (0,0,0). For this study, six such images and 156
additional images with differing nonzero directions and
magnitudes of qជ were acquired. Figure 1b displays a plot of
the signal intensity, S(qជ ), for a single voxel vs. the magnitude of qជ . As expected, the general trend for S(qជ ) is to
decay with increasing 兩qជ 兩. Note that diffusion anisotropy
contributes to the variation in S(qជ ) for each value of 兩qជ 兩,
since measurements were made at several directions for
each value of 兩qជ 兩.
The data from each voxel in Fig. 1a were analyzed using
the conventional DTI model (Eq. [1]). To assess the ﬁdelity
of this model to the data, S(qជ ) values were back-calculated
from the conventional DTI parameter values that maximize the posterior probability. These back-calculated values, S model (qជ ), were then compared with the experimentally observed values, S observed (qជ ). Figure 1c shows the
residuals (S model (qជ ) ⫺ S observed (qជ )) from the Fig. 1b data.
The residuals are not randomly distributed but display a
systematic positive-negative-positive pattern with increasing 兩qជ 兩. This systematic pattern contributes to the residuals
and arises from the poor ﬁt of the conventional DTI model
to the data.
To ascertain how extensive such deviations are throughout the image, the SD in the residuals was calculated for
each voxel. Figure 2a is a grayscale image of the SDs in the
residuals (hereafter termed the “residual intensity”) following conventional DTI analysis. The speciﬁcity of high
residual intensity within white matter suggests that the
deviations of the DTI model from the data are related to the
underlying brain microanatomy. Additionally, high residual intensity is also observed at the brain/formalin and
formalin/air interfaces due to partial volume effects.
The dashed line of Fig. 2d is a histogram of residual
intensities from voxels in which the directionally-averaged apparent diffusion coefﬁcient (ADC) ranges from 1 to
4.5 m2/ms. These voxels are located within the brain and
exclude voxels located at the brain/formalin interface. For
comparison, the distribution of residual intensities from
voxels outside of both the brain and formalin has a mean
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FIG. 1. a: T2-weighted coronal image of a ﬁxed baboon infant brain.
This image was acquired with no diffusion weighting (qជ ⫽ (0,0,0)). b:
For the voxel indicated by the arrow, the signal amplitude S(qជ ),
sampled at 162 qជ values, is plotted vs. the magnitude 兩qជ 兩. c: Residual differences between the measured S(qជ ) and the expected S(qជ )
obtained from the estimated DTI model parameters. The residual
differences demonstrate systematic deviations of the experimental
data from the DTI model.

value of 0.26 and SD of 0.034 (represented as the shaded
area in Fig. 2d). Consistent with the Fig. 2a image, the
distribution of brain voxel residual intensities is signiﬁcantly larger (i.e., shifted rightward) than the distribution
that arises from the noise.
Cumulant Expansion Analysis
To investigate the nature of the diffusion signal deviations
from the conventional DTI model, the diffusion MRI data
were modeled using a cumulant expansion. Figure 2b is an
image of the SDs in the residuals following the cumulant
expansion calculation. The dotted line in Fig. 2d is a
distribution of Fig. 2b residual intensity values within the
same voxels used to generate the distribution of the conventional DTI results. The deviations that give rise to
gray/white matter contrast in Fig. 2a are absent in Fig. 2b.
Additionally, the cumulant expansion histogram in Fig. 2d
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overlaps the random noise distribution represented by the
shaded region. Therefore, with the exception of voxels
located at the interface between the brain and the surrounding formalin, Eq. [2] successfully models the data to
within the noise. (Note that due to partial volume averaging effects, voxels located at the brain/formalin interface
contain two well-resolved components consisting of high
diffusivity within formalin and low diffusivity within
brain. As a result, the signal from these voxels is not well
modeled with a single cumulant expansion.)
Results from the cumulant expansion model selections are presented in Fig. 3. Figure 3a is an image of the
model type parameter, which is equal to 1 for voxels that
contain no signal, 2 for voxels containing a nondecaying
signal vs. diffusion weighting, 3 for voxels containing a
signal that decays to zero, and 4 for voxels that contain
a signal that decays to a positive offset. The model
selection procedure assigns values of 1 and 3 to regions
that contain air and formalin, respectively. Throughout
the brain, the model selection procedure consistently
returns a model type of 4, which indicates the MRI
signal is more accurately modeled as decaying to a positive offset than to zero. This offset term is the fractional
signal from each voxel that can be characterized by an
ADC of 1/bmax, or 0.04 m2/ms.
Figure 3b is an image of the number of cumulant expansion terms in the McMC simulation that had maximum
posterior probability for each voxel. Figure 3c shows a
histogram of these results. In most cases the mean number
of terms is six to eight. Two of these parameters are S(0)
and C, and therefore, on average, four to six independent
Eijk parameters are needed in each voxel. White matter
voxels require the largest number of cumulant expansion
terms, indicating that the diffusion signal in these regions
has a more complex structure. A comparison of the four to
six selected Eijk parameters with the six Dij of the conventional DTI model reveals that the MRI data may be represented to within the noise without drastically increasing
the complexity of the conventional DTI model.
To further compare the cumulant expansion analysis
with the DTI model, the McMC simulations were classiﬁed
in terms of the expansion orders. Simulations with only
second-order terms were classiﬁed as order 2, simulations
with only second- and fourth-order terms were classiﬁed
as order 4, and simulations with sixth- or higher-order
terms were classiﬁed as order 6. Figure 3c is an image of
the most probable order (i.e., the order for which the
McMC procedure returned the most simulations) for each
voxel. As stated above, the conventional DTI expression
corresponds to order 2. Therefore, voxels given values
greater than 2 in Fig. 3c signify areas in which there is
evidence for high-order deviations. In all of the formalin
voxels and 80.5% of the brain voxels the cumulant expansion order is 2. In 19.2% of the brain voxels, the order is 4.
In 0.3% of brain voxels, the order is 6. Fourth- and higherorder expressions are observed primarily within white
matter structures, such as the corpus callosum, internal
capsule, and optic nerve. Within cortical gray matter, second-order expressions are more frequently selected to
model the data.
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FIG. 2. Images of the SDs in the residuals (the “residual intensity”) from (a) the conventional DTI model (Eq. [1]), (b) the cumulant expansion
(Eq. [2]), and (c) the modiﬁed DTI analysis (Eq. [3]). Bright pixels indicate large SDs and a poor approximation of the data. The intensity
outside the brain shows the SD of the experimental (random thermal) noise. In a, the residual intensity is generally higher within the brain
than it is outside, and residual intensity variations correspond to the biological structure. These image features are greatly reduced in b and
c, indicating higher ﬁdelity of the latter models to the experimental data. d: Distributions of the SDs in the residuals plotted in images a– c.
Dashed, dotted, and solid lines correspond to distributions arising from conventional DTI, cumulant expansion, and modiﬁed DTI analyses,
respectively. The shaded region is the mean ⫾ 1 SD in the distribution of pixel intensities outside of the brain.

Modiﬁed DTI Analysis
The preceding two calculations demonstrate that 1) the
data systematically deviate from the DTI model, and 2) the
data may be modeled within the noise using a six-to-eightparameter cumulant expansion, provided that one of the
parameters is a positive offset. To assess the importance of
high-order terms of the cumulant expansion, a third calculation was performed using the family of modiﬁed DTI
models given in Eq. [3]. These models allow the MRI signal
to decay to a positive offset, but do not contain terms of
order greater than 2.
Figure 2c displays the SDs in the residuals from the
modiﬁed DTI analysis. Similarly to the cumulant expansion analysis, the gray/white matter contrast of Fig. 2a is
absent in Fig. 2c. The distribution of Fig. 2c brain voxel
residual intensities is plotted as a solid line in Fig. 2d. The
modiﬁed DTI analysis yields a distribution of residuals
that is slightly larger than, but nearly identical to, the
cumulant expansion distribution. Through a close comparison of Fig. 2b and c, slightly higher residual intensities
may be seen in Fig. 2c within voxels that were modeled
using high-order cumulant expansion terms (i.e., the yellow and white voxels in Fig. 3c). These voxels cause the
slight rightward shift of the modiﬁed DTI residual distribution in Fig. 2d.
As illustrated in Fig. 4a, the modiﬁed DTI expressions
represent varying degrees of symmetry in diffusion. The
expressions with the maximum posterior probability are
shown in Fig. 4b. In 33% of the brain voxels, the most
probable model corresponds to oblate (16%) or prolate
(17%) symmetry. In these cases the modiﬁed DTI calculation utilizes fewer adjustable parameters to model the data
than the conventional DTI model. On a coarse level, cortical gray matter is associated with prolate symmetry in
diffusion (orange), oblate diffusion is observed in the im-

mediately subcortical white matter (lime green), and the
DTI ⫹ C expression is observed in the deeper white matter
(dark brown). Figure 4c shows orientations obtained from
, , and  values of color-coded diffusion ellipsoids (28)
within the region outlined in Fig. 4b.
Consistent with the cumulant expansion modeling procedure, expressions that contain a positive offset are selected for nearly every voxel within the brain. The value of
this parameter, expressed as percent of S(0), is shown in
Fig. 5. The offset reaches 15% of the total signal in the
posterior limb of the internal capsule. The constant offset
is not large in all white matter structures, however, since it
is nearly absent in the corpus callosum. The observed
contrast in the offset image indicates that regions with
large offset terms correlate strongly with myelination at
this developmental stage (29).
The inclusion of a constant term and selection of an
appropriate number of model parameters are two factors
that lead to improved accuracy in the modiﬁed DTI parameter estimates relative to the conventional DTI analysis.
Figure 6a shows a map of the relative anisotropy (RA) (28)
calculated using 1, 2, and 3 values estimated from the
modiﬁed DTI analysis. For comparison with conventional
DTI, Fig. 6b shows an image of the difference RAmodiﬁed ⫺
RAconventional. The difference image is consistently positive within white matter structures, which demonstrates
that the increased intervoxel variation in the 1, 2, and 3
estimates translates into recovering additional sensitivity
to tissue structure. To compare the RA signal with noise
ratios from conventional and modiﬁed DTI analyses, the
ratios RA/RA were calculated (where RA is the SD in
the RA posterior probability distribution). In regions of the
images that are expected to possess signiﬁcant diffusion
anisotropy, the RA/RA was larger in the modiﬁed DTI
analysis. For example, the average RA/RA for the region
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FIG. 3. Results from the cumulant expansion modeling procedure. The parameter
sets selected for each pixel are displayed in
terms of (a) the model type, (b) the expectation value for the number of parameters,
and (c) the highest-order Eijk parameter that
has a ⬎10% probability of being included in
the selected model expression. The distribution of the number of parameters observed within the brain is plotted in d. The
probability histogram shows that the data
may be modeled to within the noise with
only six to eight total parameters for more
than 90% of the voxels within the brain.

within the internal capsule indicated in Fig. 6b is 1.6-fold
larger in the modiﬁed DTI calculations than in the conventional DTI analysis.
DISCUSSION
We used Bayesian probability theory to model the diffusion-attenuated MRI signal within ﬁxed perinatal primate
brain tissue. A long data acquisition interval was used to
acquire experimental data with high imaging resolution
(500 m-sided cubic voxels), high SNR (S(0) ⬇ 30), and a
high degree of angular and radial b-value sampling (162
images and 157 distinct qជ values). For each qជ value, phasesensitive images were reconstructed, and three calculations were performed using the resulting images as input.
First, the conventional DTI model was applied to the data.
Subsequently, two model classes (a cumulant expansion
and a modiﬁed family of DTI models) were applied to the
data. In each model application, images were constructed
of the SD in the residuals between the model predictions
and the experimentally observed data.
Widespread deviations between the experimental data
and the conventional DTI model were observed, particularly within white matter. These deviations are attributable to the previously described non-monoexponential behavior of MRI signal decay with increased diffusion sensitization (12,13). The cumulant expansion and modiﬁed
DTI analyses both proved to be viable methods for modeling the data to within the noise. Within the context of both
model classes, we found it necessary to model the MRI

FIG. 4. Model selection results obtained from Eq. [3]. a: Diagrams
illustrating the symmetry of the various models. For each ellipsoidal
surface, the excursion from the center represents the directionallydependent ADC. b: The selected expressions are color-coded, according to the scheme in a, for voxels in the image. c: Diffusion
ellipsoids are shown oriented according to intravoxel local diffusion
frame orientations, which are speciﬁed by the angles , , and .
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The voxels that do exhibit a high-order diffusion structure occur in a nonrandom pattern in the brain. The yellow
and white voxels in Fig. 3c cluster within the internal
capsule, corpus callosum, and optic nerve. Given the early
stage of myelination for most white matter structures at
term, high-order terms probably are not as readily observed within perinatal brains as compared to adult. Future efforts to understand the source of this high-order
diffusion structure will require the use of data with higher
SNR, acquisition schemes that are more sensitive to highorder terms (32), or extrapolation from ﬁndings within
adult brain (3,12,13,17,33,34).
Comparison of the Modiﬁed DTI Model With Other
Proposed Models
Other alternatives to the DTI model have been proposed in
studies of diffusion within brain tissue. These include a
FIG. 5. The fraction of the signal amplitude represented by the
offset parameter. The corpus callosum (CC) and internal capsule
(IC) are labeled.

signal as decaying to a positive offset to account for the
non-monoexponential departure from the conventional
DTI model.
Comparison of the Cumulant Expansion With the Modiﬁed
DTI Analysis
The cumulant expansion and modiﬁed DTI analyses are
both ﬂexible enough to tune the complexity of the model
to the data on a voxel-by-voxel basis. Both strategies allow
the data to be ﬁt with a positive offset, but they differ in
modeling the decaying component of the MRI signal. The
cumulant expansion analysis may extend to high-order
terms, whereas the modiﬁed DTI analysis is restricted to
terms of second order. Though the higher-order expression
provides for greater ﬂexibility, a unique principle-axis system cannot be deﬁned for the expressions of order greater
than 2. Since the deﬁnition of a voxel-speciﬁc principal
axis system is integral to many ﬁber-tracking algorithms
(30,31), this presents a signiﬁcant practical advantage in
modeling diffusion anisotropy using a second-order expression.
Despite the added potential ﬂexibility of the cumulant
expansion, the modiﬁed DTI analysis yields a highly similar distribution of residuals within brain voxels (compare
solid vs. dotted lines in Fig. 2d). Voxels that exhibit highorder structure (i.e., yellow or white voxels in Fig. 3c) are
the most likely to be poorly ﬁt by the modiﬁed DTI expressions. Therefore, these voxels were investigated further by
calculating the ratios of Fig. 2c to Fig. 2b residual intensities for each yellow or white voxel in Fig. 3c. The distribution of the resulting ratios was found to possess a mean
value of 1.05 and an SD of 0.05 (data not shown). Thus,
even within voxels speciﬁcally identiﬁed by the Bayesian
model selection algorithm as possessing signiﬁcant fourthorder or greater terms, these terms have only small effects
on the quality of agreement between the data and the
model.

FIG. 6. a: RA calculated from Eq. [3]. Improvements in the 1, 2,
and 3 estimates using Eq. [3] relative to Eq. [1] results in increased
ability to detect white matter ﬁbers. b: Difference in RA values
obtained from Eqs. [1] and [3]. Within the white matter region indicated by the arrow, the SNR of the RA estimates is 1.6-fold larger in
the modiﬁed DTI analysis than it is in the conventional DTI analysis
(see text for details).
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sum of diffusion tensors (12,13), a spherical harmonic
decomposition (3,17,18), various forms of a cumulant expansion (also termed “generalized DTI”) (14 –16), and multicompartmental models (11,35). All of these proposed
models require a much greater number of adjustable parameters compared to conventional DTI. In only a small
subset of these studies (3,13), 2 comparisons or F-statistical tests were used to determine which additional parameters lead to statistically signiﬁcant improvements in the
ﬁt between the model and the data. Further, even in these
cases, it is unknown whether the data are modeled to
within the noise. The calculation of phase-sensitive images facilitates a direct comparison of the SD in the residuals to the SD in the noise. Such comparisons are more
difﬁcult to perform using magnitude images, and therefore
have not been explicitly made in the past.
The cumulant expansion and modiﬁed DTI analyses
demonstrate that the MRI data may be modeled to within
the noise using only six to eight adjustable parameters,
provided that the data are modeled as decaying to a positive offset. In comparison, models consisting of two independent diffusion tensors (12,13), a spherical harmonic
expansion to fourth rank (3,17,18), or a generalized diffusion tensor of order 4 (14 –16), require 14, 22, and 22
adjustable parameters, respectively. The cumulant expansion calculation performed here indicates that some highorder terms provide signiﬁcant improvements in the
model for a minority of voxels. However, the inclusion of
all high-order terms within the previously described models is not appropriate for our purposes because it would
result in overﬁtting the data. One undesirable consequence
of overﬁtting experimental data is that noise is incorporated into the parameter estimates. Figure 6b demonstrates
the increased sensitivity to diffusion anisotropy that is
realized when a model that is matched in complexity to
the data is used.
Biophysical Interpretation of the Positive Offset
The primary discrepancy between the conventional DTI
model and the experimental data stems from the conventional DTI model prediction that S(qជ ) decays to zero with
increasing 兩qជ 兩, whereas a model that decays to a positive
offset more accurately approximates the data. Theoretical
studies have shown that a diversity of diffusion barrier
structures manifest as a deviation in the MRI signal decay
from a monoexponential dependence on the b-value (36 –
38). With the modiﬁed DTI model, we found a phenomenological way to parameterize these manifestations of restricted diffusion as the sum of an apparent diffusion
tensor plus a term corresponding to spins that appear
immobile over the achieved range of b-values. The absolute size of the offset term depends upon the maximum
b-value sampled (with the achieved SNR, it is impossible
to distinguish a true constant offset from a decay rate
smaller than approximately 1/bmax). For example, offset
parameters estimated from a truncated data set, in which
the largest 81 b-values are omitted, are on average twofold
larger than estimates shown in Fig. 5 (data not shown).
Despite the difference in parameter values, the modiﬁed
DTI model faithfully accounts for the data over both bvalue ranges.
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The Fig. 5 image clearly indicates that the offset parameter conveys unique biological information that is relevant
for primate brain development. Regions within white matter that contain large offset terms were previously found to
exhibit a large “slowly diffusing component” in multiexponential analyses (12,13). Offset parameter maps obtained from calculations using a reduced number of bvalues and directions retains the major features of the Fig.
5 image, despite the above-mentioned dependence of the
offset term upon bmax. The large values observed in the
posterior limb of the internal capsule (a myelinated structure at term (29)), and lower values within the corpus
callosum (unmyelinated at term (29)) suggest that the constant is correlated with some aspect of the myelination
process. Observations in brains at other gestational stages
further support a connection between the myelination process and the offset parameter (39). The offset term is also
consistently observed within the cerebral cortex, albeit at
lower levels than that for white matter, which supports
previous ﬁndings that diffusion within gray matter also
deviates from the assumptions of the DTI model (33).
Recently Jensen et al. (14) interpreted deviations in diffusion MRI data from the DTI model in terms of signiﬁcant
kurtosis in the molecular displacement propagator. The
diffusional kurtosis imaging (DKI) maps obtained in that
study from an adult human also resemble the offset value
map shown in Fig. 5, in that large values are observed
within myelinated white matter, and smaller but nonzero
values are present in the cerebral cortex. The DKI method
and the modiﬁed DTI model share the common purpose of
modeling the non-monoexponential decay of the MRI signal vs. b-value. However, the single offset term of Eq. [3] is
a markedly simpler modiﬁcation than the 15 additional
parameters required to incorporate the directional information of diffusional kurtosis (14). From an “Occam’s
razor” viewpoint, the modiﬁed DTI model is more desirable because of its simplicity.
The calculation of phase-sensitive (as opposed to magnitude) diffusion-weighted images (27) to produce the S(qជ )
data values greatly facilitated the offset parameter estimates. This is because the noise ﬂoor of phase-sensitive
images has a mean value of zero and is Gaussian-distributed. In magnitude images, the noise ﬂoor is positive and
Rician-distributed (40). In principle, Rician noise models
(41) can be used to estimate the constant offset term when
phase-sensitive images are not available. However, theoretical studies have led to the conclusion that more precise
amplitude estimates can be obtained from complex-valued
data than from magnitude data (41).
CONCLUSIONS
Using a phenomenological approach, we have identiﬁed a
concise model that faithfully describes diffusion MRI data
with only six to eight adjustable parameters. This ﬁnding
complements efforts to develop biophysical models of diffusion within brain tissue (11,35,38). Given the known
intricacies of brain tissue microstructure, a virtually unlimited number of structural parameters (such as the size
and orientation of multiple ﬁber tracts within a voxel) and
dynamic parameters (such as diffusion coefﬁcients in intra- and extracellular environments and exchange between
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these compartments) could be conceived in a comprehensive model of water diffusion. The results of this study
indicate that for the case of ﬁxed primate brain during
gestational development, the complexity of the diffusion
MRI data warrants the use of biophysical models with no
more than eight adjustable parameters.

REFERENCES

ACKNOWLEDGMENT
We thank J.J.H. Ackerman for many helpful discussions
throughout the course of these studies.
APPENDIX
Using Eq. [2] to Model Diffusion
To simplify the Eq. [2] calculations, the model expression
was tailored for the speciﬁc purpose of analyzing diffusion
MRI data. As described by Callaghan (26), the diffusion
MRI signal, S(qជ ), is the Fourier transform of the mean
displacement probability, 冓P(r, ⌬)冔. By virtue of being a
probability, 冓P(r, ⌬)冔 must be a real-valued function, which
implies that its Fourier transform has an even, real component and an odd, imaginary component:
Re兵S共qជ 兲其 ⫽ Re兵S共⫺qជ 兲其

simulation were saved and used to compute the marginal
posterior probability for the various outputs. The cumulant expansion ﬁgures shown throughout this paper were
generated from these samples by computing the average,
SD, and peak parameter values.

Im兵S共qជ 兲其 ⫽ ⫺Im兵S共⫺qជ 兲其.

[A.1]

As mentioned in Materials and Methods, inspection of the
imaginary components of the phase-sensitive images revealed that they contained only noise. Incorporating the
symmetry considerations of Eq. [A.1] and the experimental
ﬁnding that the measured S(qជ ) are real-valued, it follows
that the only terms necessary in Eq. [2] are those in which
i ⫹ j ⫹ k is even.
Bayesian probability theory was used to analyze the 162
different diffusion-weighted images on a pixel-by-pixel
basis using the cumulant expansion. A Metropolis-Hastings McMC simulation with simulated annealing was used
to draw samples from the joint posterior probability for all
of the parameters appearing in Eq. [2]. These parameters
included the model type (no signal, constant, cumulant
expansion without a constant, and cumulant expansion
with a constant), the number of expansion terms, the order
of each expansion term (the i, j, and k), the cumulant
coefﬁcients (the Eijk), and ﬁnally the amplitude and magnitude of the constant (if present). To sample this posterior
distribution, four basic types of steps were used within the
Markov chain: 1) the model type was changed using a
uniform proposal; 2) the number of expansion coefﬁcients
was either increased or decreased by one using a uniform
proposal; 3) the i, j, and k of each cumulant coefﬁcient
were increased or decreased using a uniform proposal in
such a way that i ⫹ j ⫹ k was even; and ﬁnally 4) the Eijk,
S(0), and C were simulated using Gaussian proposals. In
steps 1–3, after one of the discrete variables was changed,
it was necessary to simulate the Eijk, S(0), and C until the
simulation reached equilibrium at a given value of the
annealing parameter before a proposed model change was
accepted or rejected. Multiple McMC simulations were
run in parallel. The annealing parameter was varied from
zero to one in uniform steps. After the annealing parameter
reached one, multiple independent samples from each
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