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Abstract

In spin-echo and well shimmed gradient-echo images, the phase of the complex image often varies linearly in both the readout and
phase-encode directions. Thus, in principle, it is possible to display an image in absorption mode. However, manually determining the
two first-order and one zero-order phase parameters needed to display an absorption-mode image is a formidable task. In this paper, the
Bayesian calculations needed to automatically determine these parameters are presented, and the calculations are illustrated using spin-

echo images.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Absorption-mode images, the real part of an appropri-
ately phased discrete Fourier transform, have significant
advantages over absolute-value images, including:
increased signal-to-noise ratio, elimination of the correla-
tions between the signal and the noise, elimination of the
constant offset, preservation of the sign of the magnetiza-
tion and preservation of the k-space noise properties. In
addition, absorption-mode images are sharper than the
corresponding absolute-value images. For images in which
the phase varies linearly in both the phase-encode and
readout domains, three parameters are needed to produce
an absorption-mode image: two first-order and one zero-
order phase parameters. In this paper, Bayesian probability
theory [1-6] is used to estimate these three phase
parameters.

The literature is modest with respect to the problem of
generating absorption-mode images. There are many
papers that address phasing one-dimensional NMR spectra
[7-14] and several papers that address phasing multi-
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dimensional NMR spectra [15,16]. However, only four
papers were found that directly address the problem of gen-
erating absorption-mode images, [17-20]. Of the four
papers, two [17,18] used a zero-order and a single first-
order phase parameter to generate the absorption-mode
image. The techniques described in these papers are not
adequate to phase MR images in which the phase is a linear
function in both the readout and phase-encode directions.
Liu et al. [19] recognized this problem and updated their
algorithm to include all of the necessary phase parameters.
However, they estimated the first-order phase parameters
from the derivative of the image phase, which requires
simultaneous estimation of derivatives and solving the
phase unwrapping problem. The most recent paper [20] is
concerned with echo-planer spectroscopic imaging for
which the zero- and first-order phase parameters were
determined using a nonlinear optimization procedure. In
the image domain, this estimation problem is isomorphic
to estimating a spatial frequency having unknown constant
phase and a positionally dependent amplitude. Searching
for this spatial frequency is similar to searching for the glo-
bal maximum of a power spectrum. Unless good initial
estimates of the first-order phase parameters are available,
nonlinear optimization procedures may become stuck in
local minima and yield nonoptimal phasing parameters.
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2. Advantages of absorption-mode images

Fig. 1 shows an ex vivo spin-echo image of mouse brain
acquired on a Varian NMR Systems 4.7-T scanner. The
matrix size is 128 x 128 with a field of view of 2 cm by
2cm. The voxel volume is 0.15mm?® with TE = 55 ms
and TR = 3100 ms. The left-hand panels relate to absorp-
tion-mode images, while the right-hand panels relate to
absolute-value mode images. Fig. 1c¢ is an absorption-mode
image of these data; while Fig. 1f is the same image dis-
played in absolute-value mode. The top two panels, (a)
and (d), are traces through the noise in the respective
images. While the center two panels, (b) and (e), are traces
through the mouse brain. The location of the four traces
are indicated by the solid lines, one white and one black,
on each image. The axes in these traces are drawn through
zero intensity.

In panel (a), a noise trace in the absorption-mode image,
the noise oscillates around zero and is uncorrelated. The

noise is uncorrelated because the discrete Fourier trans-
form is a linear operator, and if the noise is uncorrelated
in k-space, it remains uncorrelated in the image domain,
provided a nonzero padded discrete Fourier transform
was used to generate the image. However, in the abso-
lute-value mode image, the noise fluctuates around a posi-
tive offset. This is illustrated in panels (d) and (e) where the
axis marks the location of zero intensity. The size of this
offset is roughly /7/20, the mean of the Rayleigh distribu-
tion, where ¢ is the standard deviation of the noise in the
absorption-mode image. Additionally, in regions where
there is signal, these fluctuations are correlated with the sig-
nal intensity. To illustrate this, if Sg and Sy represent the
real and imaginary image signal components in a given
voxel, and if ng and n; represent the image noise, then
the absolute value of this image voxel is given by

\/(SR + nR)2 + (S1+ nI)z, and terms of the form
2Srng and 2Syn; are always present.
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Fig. 1. Ex vivo images of mouse brain in formalin. The left-hand side of this figure relates to absorption-mode images, while the right-hand side, relates to
absolute-value images. (c and f) Absorption and absolute-value mode images, respectively. The upper two traces, (a) and (d) are traces through the noise,
while the middle two traces, (b) and (e) are through the brain. The arrows in (b) and (e) highlight the subtle difference in the sharpness of the absorption-

mode images when compared to absolute-value images.
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The use of absorption-mode images has other beneficial
effects. For example, Fig. 1 shows one image from an inver-
sion recovery sequence. If one phases the fully recovered
data set and then applies those same phases to the other
images in this sequence, the images will recover from neg-
ative to positive values; thus maintaining the correct sign of
the magnetization.

Examination of the area around the arrows in panels (b)
and (e) reveals that the absorption-mode image is sharper
than the absolute-value image. This sharpening is not as
pronounced as the sharpening of MR spectroscopic
absorption lines because the k-space data do not relax
appreciably due to T, over the time needed to acquire
them.

Fig. 1 panels (a) and (d) provides a comparison of the
noise present in absorption-mode verses absolute-value
mode images. Note that the peak-to-peak variation of the
noise in the absolute-value mode image is smaller than
the peak-to-peak variation of the noise in the absorption-
mode image, 0.19 and 0.30, respectively. This accounts
for the somewhat smoother appearance of absolute-value
images. However, the noise in the absolute-value mode
image is not the peak-to-peak variation, rather it is the root
mean-square of all of the signal in the noise regions, includ-
ing the offset. This value, 0.43, is larger than the peak-to-
peak variation in the absorption-mode image by a factor
of almost exactly a /2. This v/2 comes about because, on
average, both the real and imaginary parts of the image
contribute 0.3 to the noise power. The noise in the absorp-
tion-mode image has zero offset, while the noise in the
absolute-value mode data has a substantial offset (0.37).
This offset is noise dependent and may have undesirable
effects on image analysis. For example, the estimated decay
rate constant for 7T, relaxation data using absolute-value
images gives relaxation rates that are too small because
parameter estimation procedures fit all of the data including
the constant offset, thus causing the exponential to decay
too slowly. Similar affects are present in the parameter esti-
mates using diffusion tensor data.

3. The model

In Bayesian probability theory, the first step in any cal-
culation is to relate the parameters of interest to the avail-
able data. To produce an absorption-mode image, there are
three parameters that must be determined, one zero-order
phase, 0, and two first-order phase parameters, 7, and T,.
In k-space these first-order phase parameters are the cen-
ters of the echos in the readout and phase-encode direc-
tions, and they will be referred to as time delays. These
time delays are on the order of one half the acquisition
time, i.e., the peak of the echo is near the center of the
acquisition window. Consequently, these delays cause the
phase in the complex image to vary by approximately
180° every other voxel in the image, Fig. 2. The trace
shown in Fig. 2 is the same one shown in Fig. 1b, before
the phase parameters were applied. This oscillation can
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Fig. 2. The same trace shown in Fig. 1b before the effects of the linear and
constant phase were removed. In a typical MR image the echos are
centered in the acquisition time. In the image domain, this time delay
corresponds to a spatial frequency which oscillate roughly every other
point in the image.

be mitigated somewhat by using a time shift before the dis-
crete Fourier transform is performed. Some spectrometer
manufacturers do this, others do not; regardless, the
parameter estimation problem remains unchanged by shift-
ing the origin of time.

In the image domain, the data look like a sinusoid hav-
ing an unknown spatial frequency, a positionally depen-
dent amplitude and a constant phase. If this image
domain model is used, the corresponding complex k-space
model is an orthogonal Fourier series:

Ny
dji = ZBjk exp{ixk(tx,v + T)c) + 191} + nji (1)
k=1

where the ith complex data value of the jth phase-encode is
designated as d;, the kth Fourier expansion coefficient of
the jth phase-encode is designated as B and the constant
phase for this phase-encode is 0;. In dimensionless units,
the spatial frequencies, x;, run from zero to 2z in steps of
2n/N,, and the times, ¢,;, are data point numbers, 0, 1, 2,
etc. Finally, n; represents the ith complex noise value in
the jth phase-encode. Separating Eq. (1) into its real and
imaginary parts, one has

Ny

drji = ZBjkMRjki + nRji (2)
=1

for the real data dgj;, and
N«\'

diji = ZBjkMIjki + ny; (3)

k=1

for the imaginary data dy;, where ng;; and ny; represent the
real and imaginary noise components. The two model func-
tions, My and My, are given by

Mg = cos(0;) cos(x [ty + 1)) — sin(0;) sin(x [t + 1)

4)
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and

My = cos(0;) sin(xy [ty + 1)) + sin(6;) cos(xe[ty + .]).

(5)

To obtain the posterior probability for t,, the role of
x and y are simply exchanged in the posterior probability
for 7,. Consequently, we do not give the model relating
7, to the k-space data.

4. The Bayesian calculations

The purpose of this paper is to obtain a set of point esti-
mates for the three parameters, 7,, 7, and 0, and to use
these point estimates to generate absorption-mode images.
Bayesian probability theory is used to derive the posterior
probability for these three parameters. The posterior prob-
ability for the time delays, 7, and t,, are derived in this
paper. The point estimates for these delays are obtained
by locating the maximum of their posterior probabilities.
In the case of the constant phase, 0, an exact expression
for the maximum of its posterior probability is given. How-
ever, the derivation of this posterior probability and its
point estimate are given in a companion paper [22].

In Bayesian probability theory, everything known about
7, 18 summarized in a probability density function. This
posterior probability density function is designated as
P(z, | DI), which is read as the posterior probability for
7, given all of the data D and the prior information /.
The prior information 7 is all of the information used to
make this a well-posed problem, including the specification
of the model and the information used in assigning the var-
ious probabilities. The posterior probability for 7, is com-
puted by application of Bayes’ theorem [1]:

(e [ DPD | wd)
pDII)

P(z, | D1y =" (6)

where P(t, | /) is the prior probability for 7, and represents
what is known about 7, before collecting the data,
P(D | t,0) is the direct probability for the data given 7,
and represents what was learned from the data, and
P(D | 1) is the direct probability for the data given only
the prior information. In parameter estimation problems,
P(D|I) is a normalization constant and can be dropped
provided the posterior probability is normalized at the
end of the calculation. Dropping P(D | I) one obtains

P(t, | DI)  P(t, | P(D | t.1). (7)

The direct probability for the data given t,, P(D | 7,1), is
a marginal probability from which one or more hypotheses
have been removed by application of the sum and product
rules. In this particular case, the Fourier expansion coeffi-
cients, the phases and the standard deviation of the noise
prior probabilities have all been removed by marginaliza-
tion. Reintroducing these quantities and applying the
sum rule, one obtains

P(z. | DI) x P(z. | 1) / dBAdOdoP(BOGD | 1), 8)

where B, @ and ¢ represent all of the Fourier expansion
coefficients, phases and noise standard deviations in the
model, Eq. (1). The right-hand side of this equation is fac-
tored using the product rule:

P(t, | DI) x P(, | 1) / dBdOdsP(B | I)P(® | I)
x P(c | )P(D | BOot,I), 9)

where probabilities of the form P(- | I) are prior probabil-
ities for the respective parameters, and P(D | BOagt,[) is the
direct probability for the data given the parameters.

In estimating the value of 7,, the data may be thought of
as N, different data sets, each bearing on the value of ..
Since each phase-encode is an independent measurement,
the direct probability for all the data, P(D | BOgz,[), is
the product of the direct probabilities computed from each
line in k-space separately. Similarly, the prior probabilities
for the Fourier expansion coefficients are the products of
the prior probabilities for the Fourier expansion coeffi-
cients in each line of k-space. Factoring the posterior prob-
ability for 7,, one obtains

Ny
P(z, | DI) < P(z, | ) ] | /dB,—l...dB,-NxdG,-daj
Jj=1

X [P(0; [ 1)P(a; [ 1) x P(Bji ... By, | 1)

where logical independence of the parameters is assumed.
Additionally, some spectrometer manufacturers use filters
that are not flat over the entire image. Consequently, the
noise standard deviation, ¢;, is positionally dependent.
The joint prior probability for the Fourier expansion coef-
ficients in the jth phase-encode, P(B;; ... B,y | ), has not
been factored because a correlated prior for these expan-
sion coefficients will be assigned.

Numerical values must now be assigned to represent
each of the probabilities. The prior probability for the time
delay, P(t, | 1), will be assigned using a uniform prior
probability:

Z if N,J4 <1, <3N, /4
p<n|1>:{N«v N S TSI/

0 otherwise

(11)

where the prior ranges express the fact that outside of the
valid range the likelihood is aliased as a function of z,.
The prior probability for the standard deviation,
P(o; | 1), is assigned a Jeffreys’ prior [2]
1
P(o; | 1) x—. (12)
9j
The prior probability for the phase, P(6; | 1), is assigned
using a uniform prior probability:
L if0<0,<2n

ro1n={x

0 otherwise

(13)
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The prior probability for the Fourier expansion coeffi-
cients, P(B;; ...B;y_|1I), is assigned as a generalized Gauss-
ian. This generalized Gaussian will be written as:

2 Ny Ny
P(Byi... By, | BI) o ;™ exp {——2 Z ZBj/Ule/k}7
I k=1 I[=1

(14)

where several constant factors that cancel when the poster-
ior probability density function is normalized have been
dropped. The matrix, Uy, specifies how the Fourier expan-
sion coeflicients are related to each other. In the program
that implements this calculation, the matrix Uy, is tridiago-
nal, having [—1,2, —1] as its three nonzero diagonals. This
tridiagonal matrix expresses the belief that adjacent voxels
should be approximately equal. The parameter f§ expresses
how strongly this is believed. In the calculations that fol-
low, it is the Gaussian form of this prior that is important,
not the individual components of this matrix.

If the direct probability for the jth phase-encode,
P(D; | Bji ...By,0,0,1), is assigned using a Gaussian noise
prior probability for the real and imaginary noise compo-
nents, the joint posterior probability for 7., Eq. (10), can
then be written as:

N,
P(‘Ex | D]) X H /dG/dO'dejl ...dBij
j=1
e 9,
X ajw‘ leXp{_T‘jz}’ (15)
J

where several constants that cancel when this distribution
is normalized have been dropped. The quantity Q; is given
by

Z

Qj = ﬁszlUle,

vy
WMg

1

2
X NX
+ (d Ri— > BiM R.iki>

=

1 k=1

2
(dlﬂ + ZB kMI,k,> : (16)

k=1

-

+
1

1

The first line in this equation results from the prior
probability for the Fourier expansion coeflicients; the sec-
ond and third lines are essentially 5> evaluated for the real
and imaginary parts of the jth phase-encode.

Substituting the definitions of Mg and My, Eqs. (4)
and (5), respectively into Eq. (16), one obtains

QjEZNde—ZZB,g /Jrzxz B;iVuB,; (17)

where T, is given by

Tj( EF‘RJAZCOSOJ‘—‘—FVIJ-L/SiIle7 (18)

and can be computed from the real and imaginary parts of
the discrete Fourier transform of the jth phase-encode. The
interaction matrix, Vy, is given by

Vi = NSy + B Ug, (19)
where J;; is a Kronecker delta function. The mean-square

data value of the jth phase-encode, dﬁj, is defined as

Ny

- 1
dij = 2N Zl(dibgt + d]_le) (20)

Finally, Fr; and Fy;, the projection of the real and
imaginary parts of the model onto the data, are given by

N«

Frie =Y _ldrjicos(xty + 1.]) — dyisin(xfts + )] (21)

i=1

and

N«

Fip = Z[de,« sin(x[ty + 7o) + dyicos(xi[ty + w.])],  (22)

i=1

respectively. The functions Fr;, and Fy, are essentially the
real and imaginary parts of a time shifted discrete Fourier
transform. To compress the notation, the time delays were
not separated from the other parts of the Fourier trans-
form. However, application of various trigonometric iden-
tities reduces these quantities to linear combinations of the
real and imaginary parts of the discrete Fourier transform
of the k-space data. If N, is a power of 2, the fast discrete
Fourier transform may be used to compute Frj, and Fi;
otherwise, the slow transform must be used.

The functional form of Q;, Eq. (17), is quadratic in the
By, so the integrals over the By in Eq. (15) are Gaussian
quadrature integrals, where the limits of integration range
from minus to plus infinity. Such integrals are easily evalu-
ated and the results, but not the details, of evaluating these
integrals are given:

N,
P(z, | DI) H /dgjdojq;zNFl
Jj=1

{ 2Nxdi/.—Nxh2(9j,‘Ex)}
X eXp § — )

202
where

J

)= — . Z (24)

~

The B), are given by the solution to
Ny ~
ka[Bﬂ = FRjk COS 9_/' +FIjk sin e/-, (25)
=1

which, for convenience, is written as

Bjy = ajcos 0; + by sin 0, (26)
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where a;, and IA)ﬂ; are given by the inverse of the V;, matrix
dotted into the column vectors represented by
Frj and Fy, respectively.

To evaluate the integral over the phase, Eqgs. (18) and
(26) are substituted into Eq. (24) to obtain

N,
Z[FRjg&ﬂ; cos?(0;) + Fiyéj cos(0;) sin(0))
=

+ Fryebje cos(0,) sin(0;) + Fiybyesin®(0,)]. (27)

?(6]'7 ) =

Using various trigonometric identities, this equation may
be transformed into

1(0;,1) = Uy + /W2 + X2 cos(20; + ) (28)

with
1 Ny
Ur=5 Z[WF R+ bjeF e, (29)
=
1 & "
W, = 3 Z[a/'é‘FR/L/ — bjFj, (30)
=
1 Ny
X; EEZ[anFw-i-b,zFR/d (31)
=
and
X,
lpA = tan_l <1> (32)
J W,

If Eq. (28) is substituted into Eq. (23), the integrand is of
the form exp{cos(0;)}, the integral representation of the /,
Bessel function. Evaluating this integral, one obtains

P(x, | DI)

Ny 2
> AN &2 — U,
<1 /dajq;zwﬁl X exp {_#f}
Jj=1 /
NUEED
A (33)

2
20j

X[O

In this form, the integral over the standard deviation of
the noise prior probability, o;, is not easily represented in
closed form. Fortunately, near the location of the maxi-
mum, there is an approximation that is good to many dec-
imal places. For large argument, the 7, Bessel function is
nearly exponential:

Ih(2) ~ ei‘};{?zz} (34)

so Eq. (33) is very nearly equal to

Ny v,
11 / da;o; " exp {—g} (35)
j=1 J

with

V=N - Uy — W2+ X2, (36)

P(z, | DI) =~

where a term that is nearly constant over the high probabil-
ity region has been dropped. In this form, the integral over
the standard deviation is a gamma integral. Evaluating this
integral, one obtains:

P(z, | DI) lj[v,}*N*, (37)

where a number of constant factors have been dropped.
This probability density function is of the form of Student’s
t-distribution and this ¢-distribution is used to estimate t,.

As noted above, to compute the posterior probability
for t,, P(t, | DI), one needs only exchange the roles of
x and y in the above equations.

Finally, one needs to compute the posterior probability
for the constant phase, P(0 | DI). This is a marginal poster-
ior probability in which the Fourier expansion coefficients,
standard deviation of the noise prior probability and the
two delay times have been removed using the sum and
product rules of probability theory. However, as illustrated
in the next section, the delay times are so well determined
that marginalizing over them does little more than con-
strain them to their maximum posterior probability esti-
mates. Additionally, any program that implements this
calculation will use a point estimate of the phase, not the
posterior density. Fortunately, a point estimate is available
that, given the delay times, returns the peak of the posterior
probability for 0. The calculation of this posterior proba-
bility is essentially identical to the calculation just
described, and we do not repeat those details here. Those
interested in phase estimation can refer to [22]. The value
of the phase that maximizes this posterior probability
and its width are given by:

82
(0)o = Omax £ | ———= (38)
t /W2 +X2
1 X
Gmax = —E tan_l (W>a (39)
where X and W are given by
Ny Ne
X =2 FriFi, (40)
=1 =1
and
Ny NX
W= R]Z I/l (41)
j=1 5:1

and Fry and Fy; are the real and imaginary parts of the
two-dimensional discrete Fourier transform of the complex
k-space data after removing the effects of both linearly
varying phases.

5. Discussion

Fig. 3 is the natural logarithm of the posterior probabil-
ity for the delay times computed using the k-space data
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Fig. 3. The natural logarithm of the posterior probability for the delay times along both the readout direction (a), and in the phase-encode direction (b).
These delay times are typically very well determined by the k-space data. In (b), the natural logarithm of P(z, | DI) goes through roughly 45,000 e-foldings.

shown in Fig. 1. The program that implements this calcu-
lation first computes the discrete Fourier transform in the
readout direction and then uses this transform to compute
the natural logarithm of the posterior probability for ,
(Fig. 3a). In dimensionless units, t, varies from
N,/4 < 1, < 3N, /4. The image shown in Fig. 1 contains
N, =128 complex data values, so 71, ranges from
32 < 1, < 96. Outside of this range, the posterior probabil-
ity for 7, is aliased, and no additional information is avail-
able. Note that the logarithm, starts out low and increases
from roughly -4000 to +8000. The reason the calculations
are performed using the natural logarithm is simply that
most computers cannot express this large of a dynamic
range any other way. Fig. 3b is the natural logarithm of
the posterior probability for 7,. In the phase-encode direc-
tion, the logarithm of the posterior probability changes by
about 45,000 e-foldings.

The values of both delays have been determined very
precisely. To illustrate this, the fully normalized posterior
probabilities for 7, and 7, are displayed in Fig. 4. In

450

a
400

350
300

—

®
250
Q

200
& 150
100

50

0
65.995 66.0 66.005 66.01

Fig. 3 the full nonaliased range, 32 < 7 < 96, for the delay
times was plotted, while the plots shown in Fig. 4 span
roughly 1/4300 and 1/9200 of the full nonaliased range.
These distributions are plotted on the same vertical scale
so that the difference in their widths, roughly a factor of
2.5, 1s more obvious. The mean and standard deviation
estimate of 7, and 7, are given by

(Ta)egy = 06.0215 £ 0.0025 (42)
and
(7))o = 03.9843 £ 0.001 (43)

respectively. In k-space, these uncertainties are in data
point numbers. In the image domain, an uncertainty of
0.0025 data points, causes an accumulated phase uncer-
tainty of only 0.016 radians (less than one degree) across
the image. Consequently, the oscillations caused by the lin-
early varying phase are completely removed. The reason
these delays are so precisely determined is a combination
of signal-to-noise ratio and the number of data values.

450
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200
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63.981 63.984 63.986 63.988

Fig. 4. (a and b) The fully normalized posterior probability for 7, and z,, respectively. These posterior probabilities are plotted on the same vertical scale
to illustrate that the standard deviation of the distribution shown in (a) is 2.5 times larger (0.0025 time units) than the standard deviation of the
distribution shown in (b) (0.001 time units). Regardless, both echo centers are very precisely determined and, consequently, the linearly varying phase is
very accurately canceled in the resulting absorption-mode image. For example, the uncertainty in echo center in the readout direction (a), causes an

accumulated error in the phase of only 0.016 rad across the image.
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A typically image has 128 x 128 = 16, 384 data values. The
uncertainty in the parameter estimates scales inversely with
signal-to-noise ratio and inversely with the square root of
the number of data values.

Similarly, the constant phase is also very well deter-
mined. For the data shown in Fig. 1c, the estimated value
of the constant phase is

(0),,, = 24.346° + 0.002° (44)

which means the error in constant phase is about one part
in 12,000. The reason for this precision is again a combina-
tion of signal-to-noise ratio and total number of data val-
ues. In Eq. (38), the factor in the denominator of the
square root (another square root) is essentially the total-
squared signal intensity in the real and imaginary parts
of the complex image. Consequently, that factor scales with
both the number of complex data values and the average
signal intensity. As a result, the uncertainty in the esti-
mated phase varies inversely with the average signal-to-
noise ratio and inversely with the square root of the total
number of complex data values.

The program that implements this calculation computes
the logarithm of the posterior probability for 7, on a coarse
grid, varying t, over its valid range in steps of 0.5. The
value of 7, that has the maximum posterior probability
on this grid is saved. Using this maximum value, the loga-
rithm of the posterior probability is then evaluated at
(max + 1/2) and (max — 1/2). These three values of z,,
and the three posterior probabilities, are used to bracket
the maximum of the posterior probability. A one-dimen-
sional search routine, similar to those described in [21], is
used to find the value of 7, that maximizes the posterior
probability. Using the value of 7, that maximized the pos-
terior probability, the effect of the linear first-order phase is
removed in the readout direction. The calculation is then
repeated in the phase-encode direction, and these time
delays are used to remove the effects of the linearly varying
phase. Finally, the zero-order phase that has maximum
posterior probability is computed, and its effect is then
removed. The three parameter estimates given in Egs.
(42)—(44) are the values used to generate the absorption-
mode image shown in Fig. lc.

Because positivity was not imposed on the Fourier
expansion coefficients, there is an ambiguity in the calcu-
lation of the zero-order phase, Eq. (39). If the calculated
value of the zero-order phase is 0, the phase that gives
positive intensities in the real channel can be either 0 or
0 + 180°. Before removing the zero-order phase, the pro-
gram does a calculation to determine which of these two
phases is appropriate. This Bayesian calculation, not
given, essentially repeats the calculation for the posterior
probability for the zero-order phase given in [22] with
an uncorrelated prior for the Fourier expansion coeffi-
cients that constrains these coefficients to be positive. This
posterior probability is then evaluated for 6 and 6 + 180°.
Because the amplitudes are required to be positive, the
phase that rotates the intensity to the real channel has

very high probability, while the phase that rotates the
intensity to the imaginary channel has very low probabil-
ity. Consequently, the phase with the highest posterior
probability is used to remove the effects of the zero-order
phase.

Finally, if the size of the desired image is different from
the actual complex size of the k-space data, the final image
is generated using a zero-padded discrete Fourier trans-
form, and the image is phased using the three computed
parameters.

6. Summary and conclusions

The advantages of absorption-mode vs. absolute-value
mode images have been illustrated, and a Bayesian-based
calculation has been described for generating absorption-
mode images. These Bayesian calculations allow one to
produce absorption-mode images using data in which
the the phase of the image varies linearly as a function
of position, as it does in most spin-echo images. In this
lab, absorption-mode images are routinely produced on
data sets containing thousands of images (DTI data sets
with 48 directions and 60 to 70 slices are common). The
calculations described in this paper have never failed to
remove the effects of both the linearly varying and con-
stant phases.

In cases for which the data have field inhomogeneity
artifacts, as is common in gradient-echo images, the calcu-
lations presented here are used to remove the effects of both
the linearly varying and constant phase and then the calcu-
lations described in [22] are used to remove the effects of
the nonlinear varying phases to produce absorption-mode
images. Additionally, the program that implements the cal-
culation described in [22] produces an unwrapped map of
the image phase. Because these are the phases that deviate
from the expected linearly varying phase, the resulting
unwrapped phase maps are essentially images of the mag-
netic field inhomogeneity.

The calculations presented in this paper are for 2D slice-
selection data. Extending the calculations to 3D data
requires one additional discrete Fourier transform and
the estimation of a third delay time.

These calculations utilize the fact that the Fourier
expansion is an orthogonal expansion, so they cannot be
used on images in which the acquisition is not uniformly
sampled in both domains. The calculations could be
extended to nonuniformly sampled data, but said calcula-
tions would probably be computationally prohibitive due
to the matrix inversion used in Eq. (26).

When the number of complex data in a given k-space
data set are an integer power of 2, the fast discrete Fourier
transform can be used to compute the projection of the
data onto the model in that domain. Consequently, gener-
ating an absorption-mode image on a Sun Ultra 60 work-
station requires less than a second. The calculations are
roughly a factor of 2 slower when the number of complex
data are not an integer power of 2.
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